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THE 
PRINCIPLES OF FLUXIONS. 


SECTION I. 


DEFINITIONS. 


RTICLE i. Every quantity is here conſidered 

as generated by motion; a line by the motion 

of a point; a ſurface by the motion of a line; a ſolid 

by the motion of a ſurface.* 

2. The quantity thus generated is called the 7 
or flowing quantity. 

3: The velocities with which flowing quantities in · 

creaſe or decreaſe at any point of time are called the 

Auxions of thoſe quantities at that inſtant. [ 


* Sis I. NewrToN, in the Introduction to his Quadratute of 
Curves, obſerves that < theſe geneſes really take place in the nature 
of things, and are daily ſeen in the motion of bodies. And after 
this manner, the ancients, by drawing moveable right lines along 
immoveable right liges, taught the geneſis of rectangles. 


Youu II. A | 3 


2 DEFINITIONS. 


Cor. 1. As the velocities are in proportion to the 
increments or decrements nniformly generated in a 
given time, ſuch increments or Geeremients will re- 
preſent the fluxions. * 

Cor. 2. Hence, as any given time may be 1 
the fluxion is not an abfe/ute but a relative quantity. 
When we have ſeveral cotemporary fluxions, we may 
aſſume one fluxion what we pleaſe, and thence deter- 
mine the values of the others. Thus, if x and y in- 
creaſe uniformly, and if x increaſe by p in the time that 
y increaſes by q, then the cotemporary increments of x 
and y will be p and 3, 2p and 24, 3p and 3, &c. hence 
if p be aſſumed the fluxion of x, the fluxion of y will 
be 9; if the former fluxion be 2p, the latter will be 
29, &C. &c. | 

Cor. 3. A conſtant quantity has no fluxion. 

4. The firſt letters, a, b, c, &c. of the alphabet 
are ufually put for conſtant quantities, and the laſt, 
b, W, X, y, 2, for variable ones; and they are to be 
thus underſtood, unleſs the contrary be expreſſed. 

5. The fluxion of a ſimple quantity, as x, is ex- 
preſſed by placing a point over it, thus x. 


. 


„This is agreeable to Sir I. NewTox's ideas on the ſubject. 
He ſays, I ſought a method of determining quantities from the 
velocities of the motions or increments with which they are gene- 
rated ; and calling theſe velocities of the motions or increments, 
flaxions, and the generated quantities Auenti, J fell by degrees upon 


the method of fluxions.“ 
Introd. to Quad. Curves, 


TO 


| rIoxroxs of QUAnTITIES. 3 
. ; 


0 FIND THE FLUXIONS or 
ANTTTIES. 


„ FRer. I. | 
If two . increaſe or decreaſe uniformly, the 
increments or decrements generated in a given time will 
be as their fluxions. 


6. This appears from Art. 3. Cor. 1. 


Prop. II. 

If one quantity increaſe uniformly, and another of the 
fame kind increaſe with an accelerated or retarded velocity, 
and two increments be aſſumed which are generated in the 
ſame time; if thoſe increments be diminiſhed till they vaniſh, 
that ratio to which they approach as theit limit is the ratio 
of the fluxions of thoſe quantities: 


Let the line FK be deſcribed with an uniform 
velocity, and AZ with an accelerated velocity, and 
let the increments Gs, Pm be generated in the ſame 
time; let alſo Pv be the increment that would have 


been generated in the ſame time if the velocity at Þ 
had been continued uniform ; then, by Prop. 1. the 
fluxions of FK, AZ at the points & and P will be 
repreſented by Gs and Py. Let v be the velocity 
with which Gs is deſcribed, and / the velocity with 


A 2 which 


4 FLUXIONS OF | QUANTITIES. 
which Pv is deſcribed, and let the velocity at m be 


1 in conſequence of the increaſe 7 of velocity fince the 
deſcribing point left P. Now let Pm be deſcribed by the 
inform velocity Y + in the ſame time that Pv and 
Pm are deſcribed; then it is manifeſt that this uni- 
form velocity muſt be between the velocities at P and 
at m, that is, Y + is greater than Y and leſs than 
Ar, or w. is greater than o and leſs than r. Alſo, 
fince the ſpaces deſcribed in the ſame time are as the 
velocities, V: V:: Pv: Pm. Now diminiſh the 
times in which theſe increments are deſcribed ; then 
as the points v and approach to P, Po vill conti- 
nue to be deſcribed with the uniform velocity Y; but 
1 7 will be diminiſhed, and by diminiſhing the time till 
it becomes indefinitely ſmall, 7 will become indefi- 
| nitely ſmall ; but vm is deſcribed in conſequence of 
= this increaſe r of velocity; hence when r becomes in- 
definitely ſmall in reſpect to V, the ſpace vm muſt 
become indefinitely ſmall in reſpe& to Pv; there- 
fore the ratio of PV: Pm is, in that ſtate, indefi- 
nitely near to a ratio of equality ; but it is manifeſt 
that it never can become accurately a ratio of equality, 
becauſe vm will not vaniſh until Pv and Pm vaniſh ; 
conſequently the ratio of the actual increments Gs : 
Pm can never accurately expreſs the ratio of the flux- 
tons, that ratio being expreſſed by the ratio of Gs: 
Py. Let us then conſider what ratio PV: Pm ap- 
proaches to as it's limit, when we make the time in 
W which the increments are deſcribed, and conſequently 
the increments themſelves, vaniſh. In every ſtate of 


i 
_— 4 


* — —— ee a — —— ˙ EE aa 
— 7 N o on ee > wit pro > - 
ah > — — p 
— e — — — — 


N diminiſhing the * and conſequently the 
increments, 


yr; chen vm is the increment which is deſcribed 


theſe increments, : Y+w :: Pv : Pm; and by con- 
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_ 


FLUXIONS OF QUANTITIES. | 5 
| increments, we- diminiſh r, and conſequently ww, but 
remains conſtant; it is manifeſt therefore that the 
ratio of Y: Vu, and conſequently that of PG: 
Pm, continually approaches to a ratio of equality, 
agreeable to what we have already ſnown; and when 
the time, and conſequently the increments, become 
actually =o, then = o; conſequently 20 o; hence 
the limit of the ratio of PV: Pm becomes that of Y : 
V, a ratio of equality.* Hence the /imi? of the ratio of 
Gs : Pm is the ſame as the limit of the ratio of Gs: 
Pv, or as Gs : Pv, that ratio being conſtant ; that is, 
the limiting ratio of the increments is the ratio of 18 
Auxious. | 

The ſame is manifeſtly true for the limiting ratio of 
the decrements of two quantities ; for conceiving the 
deſcribing points to move backwards, and to be re- 
tarded by the ſame law, the decrements 5G, mP in 
this caſe become the ſame as the increments in the 
other; conſequently their /imiting ratio will expreſs the 
ratio of the fluxions at & and P, or the rate at which 
Fe, AP are, at that inſtant, decreaſing. | 

Cor. 1. Hence the /imiting ratio of the increments or 
decrements of two quantities which are both generated 
by variable velocities will be the ratio of their fluxions. 
And as the velocities with which : theſe two lines in- 
creaſe or decreaſe may be made to agree with the rate 
of increaſe or decreaſe of any two like quantities, the 
propoſition muſt be true for quantities of any kind. 


* By keeping the ratio of the vaniſhing quantitics thay ex- 
preſſed by finite quantities, it removes the obſcurity which may 
ariſe when we conſider the quantities themſelves ; this is agreeable 


to the reaſoning of Six I. N EWTON in his Principia, Lib. I. Se. 
1, Lem. on” 8, 9. 


2 Cor. 
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. © FLUXIONS OF QUANTITIES: 
Cor. 2. As the limiting ratio of the increments is 
the ratio of the fluxions, it is manifeſt that when the 


increments are in an increaſing or decreaſing ſtate, the 


fluxions will be increaſing or decreaſing. Fil. 
8. It has been ſaid, that when the increments are 
actually yaniſhed, it is abſurd to talk of any ratio be- 


tween them. It is true; but we ſpeak not here of 


any ratio then exiſting between the quantities, but of 
that ratio to which they have approached as their 
limit ; and that ratio {till remains. Thus, let the in- 


crements of two quantities be denoted by ax*-+mx 


and r fu; then the limit of their ratio, when 


* o, is m:n; for ax*+mx: by*+nx :: ax+m: 
ben:: (when xo) mu. As the quantities 


therefore approach to nothing, the ratio approaches 
to that of : u as the limit. Hence if Mn, the 
limit of this ratio is a ratio of equality. We muſt 
therefore be careful to diſtinguiſh between the ratio 
of two evaneſcent quantities, and the Jimit of their 
ratio ; the former ratio never arriving at the latter, 


as the quantities vaniſh at the inſtant that ſuch a 


circumſtance is about to take place. 


PRop. III. 
If the Puxion of x be denoted by x, the fruxion of 4 ax 
2011] be ax. 


9. For if x increaſe uniformly, ax will alſo increaſe 


uniformly and à times as faſt ; hence, by Prop. 1. the 
fluxion of the latter will be a times greater than that 
of the former, or it will be ax. 

Cox. Hence in taking the fluxion of a 1 
quantity multiplied into a conſtant one, the conſtant 


muſciplier 3 18 retained. 
ks ProP. 
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FLUXIONS or QUANTITIES. | T 
Proe. IV. 
The fuxion of X a is x. 


19 F or 4 being conſtant, and only connected to 
x by the ſigns + or —, it does not affect the increaſe 
or decreaſe of the quantity ; ; therefore the fluxion is 
the ſame as the fluxion of x, or it is x. 
Cor. Hence conſtant quantities connected to varia- 


ble ones by the figns + or —, CO when the 
fluxions are taken. 


Prop. V. 
Given (x) the fluxion of x, to find the fluxion 4 *, u 
being a whole number. 


11. Let x increaſe uniformly by v and become 
Ku, then will &“ become x+0*; but by the Ele- 
ments of Algebra, Art. 232. xv =x"+ nx "v 


7 &c. and if from this quantity we take 


*, there remains P — +&c. for the 


cotemporary increment of x*; wit although x increaſe 
uniformly by v, x* does not increaſe uniformly ; for 
if in the increment of * we ſubſtitute 1, 2, 3 &c. 
for v, and take the differences of the reſults, theſe dif- 
ferences will not be equal; hence to get the ratio of the 
fluxion of x to the fluxion of x® we muſt, according to 
Prop. 2. take the /imiting ratio of the increments. Now 
the increment of x : the i increment of :: : n. 


1 
＋2.— K* +&C.:: 1: au e- xc. 


and to get the limiting ratio of thei © increments we 
"4 muſt 
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8 FLUXIONS OF QUANTITIES. 


maſt make v=o, in which caſe the ratio becomes 
1: 2x", which therefore expreſſes the ratio of the 


fluxion of x to the fluxion of x"; but x denotes the 
fluxion of x, therefore 1 * x repreſents the cotom- 
Porary fluxion of *. ; | 


If z=0, x*=1 a conſtant quantity ; therefore by 
Art. 3. Cor. 3. it has no fluxion. 


Prop. VL. 


To find the fluxion of x", mM a n being ay whole 
numbers. 


12. Put y=x", then y" = x*; hence by taking 
3 


the flxions, m n= = n i, . = r pre (by 


my 
ſubſtituting for y it's value in terms of x} =— = 


mx * 
. 
— N x, 
\ — — 
* 


Cor. Let the root be a compound quantity as 
1 to find the fluxion of a" + * Put 7 
N. chen * = a: n+ x”, and ee, 


& 1 W 22 


deres = == Xe ry R 


— 1 3 
wo Va: , 
mx = = * + x" 7 * . 
13. "Eg it appears, that whether the root be 


2 ſimple or a compound quantity, the fluxion of any 


power! thereof i is found by the following 
RULE 5 


2 


FLUXIONS OF QUANTITIES. © 
OE 
Mattiph by the inder, diminiſh the 222 by wit, and 
multiply by the Auxion of the root. 
Examples. 


Ex. 1. The fluxion of x* is . 
Ex. 2. The fluxion of 35* is 599 


Ex. 3. The fluxion of = 2 v7 EY | is—y" 7 140 

"> 7 
Ex. 4. T he fluxion of 2x77 is . 7805 = 2 | 
8 99 T 


Ex. 5. The fluxion of Z is Ai 
7 63. 


Ex. 6. What is the fluxion of a*+a2* ? 
Here the root is 4“ + *, and its fluxion 2xx; 


hence the fluxion required is 3 * a + x x2 * 2 == 
N Gx. 


Ex. 7. What is che fluxion of Va +}, or rof i PN) 
Here the root is &*+x*, and it's fluxion 2 & * 


; hence the fluxion 1s "Xa +x) "X2xXX= _— 
8 2 a TALE 

Ex. 8. What is the fluxion of æ&* e ? 

Here the root is x* + y*; and it's fluxion 2xXX+2y); 


hence the fluxion required i is = 2 x x* + ＋ Xxx +2 TT, 


=} X Y K IF 
Ex. 9. What is the fluxion of x +}? ? 
| Here the root is x +y, and it's fluxion x+7 ; hence 


the fluxion required is 2X x+y Xx +7. 
Ex. 10. What is the fluxion of a + x*\z ? 


Here the root is 4 +x*, and it's fluxion 53% ; ; 
hence 


10 FLUXIONS OF QUANTITIES, 


. WE We BN, 8 
hence the fluxion required is = X as +Xx N XEN 
gx*x 
2 Xx + x FE | 
R 5 1 
Ex. 11. What is the fluxion of ===5 } 


This quantity becomes , and the root is 
a. +x*, whoſe fluxion is 2xx ; hence the fluxion re- 
quired 1s SKT 233 — 1 

9 * + ans 
like manner, bring any quantity from the denominator 
up to the numerator, by changing the ſign of the 
index, and then proceed by the rule. 

Ex. 12. What is the fluxion of ax *+ by +c28 TP 

Here the root is ax*+by*+:c 24, and it's fluxion 
2axx+3bYY Ac; hence the fluxion required is 
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: X ax* +by® Te * 2axx+3byJ+4cos. 
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13. What is the fluxion of V V NY 
Put 22 V x* * Va +, then 2* = x* + a ＋ * 


now the fluxion of 4 *, or of 7+ A "s 7x 

a Y 2.yj =a*+9\=3 X 5; hence 22Z=2xx 
| 8 Wy 5 POST 2 

+ +" * therefore 2 = 2— ＋2 = — if 


2.XX + a® Fog 
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5 i PRoe, VII. 
To find the Aurion of a Product xy. 


. 14. The 


FLUXIONS OF QUANTITIES, | 11 


14. The fluxion of x+5 , by the laſt rule, is 
2 * N = 2XX+2Xx)+29X+2)) 3 alſo x Ty 
=X*+2%y+y , whoſe fluxion is 2xx+'the fluxion 
of 2 2X)+2 J); make theſe two values of the fluxion 
of x+y equal to each other; omit the firſt and laſt 
terms which are common to both, and we have 
the fluxion of 2Xy= iris: der toe hence the fluxion 
of xy is xy &. 

Otherwiſe thus. If we ſuppoſe x conſtant, the 
fluxion of xy is xy by Prop. 33 and if we ſuppoſe 

conſtant, the fluxion 1s LEE hence if neither be 
conſtant, the fluxion is xy + yXx. 

Cor. Hence we may find the fluxion of *. For 
if V=Xy2, and 20 2 , then v=w2, . B = 2 
z 90; but w=xy, ,Ww=xy+yx; ſubſtitute theſe 
values for w and , and we get BA XY 
2YX. 

15. In like manner we proceed for any number 
of factors; hence the fluxion of the product of any 
number of quantities 1s found by the CRE 

RULE : 

Multiply the Auxion of each quantity into the product 

of all tlie reft, and the ſum of all the products is the fluxion 


required. 


rer 
Ex. 1. The fluxion of x*y* is x* x 37 , X 2 * 
= 3X"YY +2 XxX. 
Ex. 2. The fluxion of vx is x12 N 777 +y*2 * 


3585 eg vx el. 


Fx. 3. The fluxion of w*x"yX* is mx"y e -a 
120 z X UN +7 W*x"ziy—"y +5 WOx"Y . 
Ex. 4. 
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Ex. 4. To find the fluxion of x NM. ODEs 
By the laſt rule, the fluxion of a* + 3 is : X Fore 


X 4 YYy = 6 2 ＋ 7 * 7 hence the 8 required | 


is N 3X YP+@&+PEX 20%. 5 
Ex. 5. To find the fluxion of/a*+x* VH. 
Find the fluxion of each part by the laſt rule, and the 


fluxion required is 4/ a* X = I” + B+ x 


2 
If +x a Ela 

16. It appears from this Prop. that the fluxion of 
x conſiſts of two parts, xy and x, the former part arif- 
ing from the increaſe of y by y, and the latter from 
the increaſe of x by x; but if x ſhould decreaſe 
whilſt y increaſes, then the fluxion, expreſſing the 
zncreaſe of xy upon the whole, will be xy -, be- 
ing the increaſe minus the decreaſe. Hence to expreſs 
the rate at which any quantity increaſes, the fluxion 
of the parts which increaſe muſt be written with the 


fign +, and thoſe which decreaſe with the fign —* 


Now the increaſing quantity is conſidered as poſitive ; 
but if a negative quantity increaſe in magnitude, it 
muſt be conſidered as a decreaſing quantity, and it's 
fluxion will be negative. In like manner a negative 


quantity decreaſing in magnitude muſt be conſidered 
as an increaſing quantity, and it's fluxion will be po- 
ſitive. If therefore the fluxions of increaſing quanti- 
; ties be written with the ſign +, and of decreaſing with 
—, Whenever the fluxion of any quantity is poſitive 
it ſhows that quantity to be in an increaſing ſtate ; and 
when negative, to be in a decreaſing ſtate. 
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 FLUXIONS OF QUANTITIES. 13 
Prop. VHI. 


To rg fluxion of a * 


- 


I 7- The quantity - N i therefore the fluxion, 


by the laſt rule, is y""X—1 - LEY 
Hence we find the fluxion of a fraction by the fol- | 


lowing 


RULE : 
From the fluxion of the numerator multiplied into the 
= denominator, ſubtract the fluxion of the denominator multi- 
| | = 27/ied into the numerator, and divide by the ſquare of the 
== denominator. 


Examples. | - 


. x* - 2 1 * Rx * ** 
Ex. 1. The fluxion. of = is << L nl? BY. 
. 6 F 


. 29xX — gay. 
nn e z XLN 3˙ 
DS F : 2 ; I 


_ 2XX+J=x+3X 32 
= EXEFI Ss 


Ex. 3. The flux, of 2 is E 228 


22 


2 
— .. Sx x 
Ex, 4, The fluxion of = 1s Fa 
| | & * K* 


Ex. 5. The fluxion of N 3 is 
VE 


W W 
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The putting of a quantity into fluxions 15 called the 


dire method of fluxions. 


SCHOLIUM. 


18. In queſtions of a geometrical and philofophical 


nature, where we want to get the relation of the flu- 


ents from the fluxions, and in others where we want 
to find whether quantities are poſitive or negative 
from the relation of them to their fluxions, it is ne- 
ceſſary to pay regard to the ſigns of the fluxions, as 
explained in Art. 16. But in putting equations into 
fluxions, as in the Problems de Maximis et Minimis, 
although one variable quantity may increaſe at the 
ſame time that another decreaſes, yet we may write 
the fluxion of each poſitive; for by writing it ſo in 
each equation in order to obtain the ſame fluxion from 
the different equations, the reſult will not be altered. 
In theſe, and ſuch like caſes, we may therefore make 
the fluxion of each quantity poſitive. We may fur- 
ther obſerve, that when any fluxion becomes negative 
according to the above rule, the quantity which ex- 
expreſſes it's value becomes negative. For inſtance, 
if r= the radius of a circle, x= the verſed fine, y= 
the right fine of an arc, then y*=2rx—x*, and y = 
FX —X 


xXx 
; now for the firſt quadrant » and y increaſe; 
and 


SCHOLIUM. 15 
and each fluxion is poſitive, and the value of y is po- 
ſitive, x being leſs than 7; but in the ſecond qua- 
drant y decreaſes and it's fluxion becomes negative, 
and it's value becomes negative, x being greater than 
7. This circumſtance is ſimilar to the cafe of a quan- 
tity paſſing through o and changing it's ſign, for y=0 
at the end of the quadtant. | | 


19. When we compare the: anions of cw quan- 
tities by comparing the increments that would be Ani- 
 formly generated in a given time, the quantities have 
been ſuppoſed to be homogeneous, there being no re- 
lation between thoſe which are not homogeneous; yet 
if, of two heterogeneous quantities, the numerical value 
of one be expreſſed in terms of the other, it is manifeſt 
that there will be no impropriety in expreſſing the flux- 
ion of one in terms of the fluxion of the other. If one 
| fide of a right angled parallelogram be repreſented by 
6 and the other by 9, we ſay 6x 9= 54 the area; our 

numerical operation is perfectly correct, but no one 
ever imagined that the units repreſented by 54 are 
homogeneous to the units repreſented by 6 and 9g ; if 
6 and g repreſent inches in length, 54 will repreſent 
ſo many fquare inches, or ſo many /quare areas, the 
fide of each of which is 1 inch in length. Or if à and 
x repreſent the two ſides, the area of the parallelo- 
gram will actually be ax, referring that quantity to it's 
proper units; although therefore there is no relation 
between the area and either of it's ſides, yet it is ex- 
preſſed in terms of the ſides. And if @ be conſtant 
and x variable, the fluxion of the area will be ax by 
Prop. 3; if therefore (x) the fluxion of the abſciſſa x 
be 
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16 se HOL IU. 
be 1 inch in lengil, the correſponding fluxion of the 


area will be a /quare inches; if x be 2 inches in 


length, the fluxion of the area will be 22 /quare 


inches. And in general, when we conſider any two 


quantities which are not homogeneous, although their 
fluxions, which are expreſſed by their increments 
uniformly generated in a given time, can have no re- 
lation to each other, if we carry our ideas no further 


than the increments themſelves; yet when we con- 


fider the numerical values of theſe fluxions, the ana- 
lytical expreſſion for one may be compriſed in terms 
of the other without any impropriety, and our con- 
cluſions will be perfectly juſt and correct, in the ſenſe 
in which the units of the reſpective quantities are un- 
derſtood, notwithſtanding the fluxions themſelves may 
be heterogeneous. SIR I. NEwToON, in his Quadra- 
ture of Curves, in finding the area of a curve, deſcribes 
a parallelogram on the abſciſſa (x), the other ſide (a) 
of which is conſtant; and then he compares the fluxion 
of the area of this parallelogram with the fluxion of the 


area of the curve, they being homogeneous quantities ; 


and the fluxion of the area of the parallelogram being 
ax, he gets the fluxion of the area of the curve. 
From what has been ſaid above, when we reduce 
theſe matters to calculation there appears to be no 


abſolute neceſſity for this; but it is more ſcientific 


to make the compariſon between homogeneous quan- 
tities, than between thoſe which are not homoge- 
neous, and therefore the former method 1s always 


to be preferred in caſes where it can be applied, not- 


withſtanding the concluſions which are otherwiſe de- 


duced are perfectly true and ſatisfactory. | 
20. The 


| $CHOLIUM:. | 17 
20. The ingenious ànd juſtly celebrated Author 
of the Aualyſt has endeavoured to ſhow, that the 
principles of fluxions, as delivered by it's Author, are 
not founded upon reaſoning ſtrictly logical and con- 

cluſive. He lays this down as a Lemma: If you 
make any ſuppoſition, and in yirtue thereof deduce 
any conſequence; if you deſtroy that ſuppoſition, 

every conſequence before deduced muſt be deſtroyed 
and rejected, ſo as from thence forward to be no more 
® ſupplied or applied in the demonſtration.” This, he 
= thinks, is ſo plain as to need no proof. It may per- 
haps be admitted to be true, when we want to deduce 
the abſolute value of a quantity which is to be obtained 
in virtue of a ſuppoſition ; but it is not true when we 
want to obtain the relative values of quantities, He 
ſeems not to have attended to the connection which 

Y there muſt neceſſarily be between the limit of a ratio 

and the zerms of the ratio. It is agreed, that by di- 

miniſhing the increments you approach to the ratio 

= of the velocities which they had at the points from 
2X whence they began to be generated, and that by mak- 

ing them become indefinitely ſmall, you arrive at a 

3 Y | ratio indefinitely near to that of the velocities at thoſe 

XX points. Now the limit of a ratio muſt depend upon 

che terms of the ratio, and the terms are obtained upon 

the ſuppoſition of the exiſtence of an increment ; the 
limit therefore is obtained upon the ſuppoſition of the ex- 
iſtence of an increment ; but the limit is a certain deter- 
minate invariable ratio, totally independent of the magni- 
tude of the terms of the ratio, and conſequently of the 
increment, as appears by. Art. 8. when we therefore de- 


duce the limit by making the increments vaniſh, theefe# 
Vor. ! B of 
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1 30 HOLIU n. 
of it's exiſtence muſt ſtill remain in the limit. If 
the exiſence of the limit depended upon the exiſteuce of 


the terms of the ratio, the ſuppoſition which makes 
the latter vaniſh would neceſſarily make the former 


alſo vaniſh; but as that is not the caſe, the limit, 
which is obtained by making the terms become equal 


to nothing, contains an effect, after the increments 
are actually vaniſhed, which depends upon their 
having exiſted. The lemma therefore of the Au- 


thor, however true it may be in ſome circumſtan- 
ces, cannot be applied againſt the reaſoning upon 


which the Principles of Fluxions are founded. The 
Author admits the concluſions to be true. He ſays, 
J have no controverſy about your concluſions, but 
only about your logic; and it muft be remembered 
that I am not concerned about the truth of your the- 
orems, but only about the way of coming at them.” 
The above obſervations ſhow, not only that our con- 
cluſions are true, but that they are deduced by ſteps 
which are perfectly ſatisfactory and ſtrictly logical. 


SECTION” 


8 E CTION . 


ON THE MAXIMA AND MINIMA OF 
QUANTITIES. 


7 O determine the ws if a quantity when it becomes 
a maximum or minimum. | 


21. The fluxion of a quantity being it's uniform 
increaſe or decreaſe in a given time, when it becomes 
a maximum or minimum it's fluxion muſt be =o, 


the quantity having, at that point of time, no further 


increaſe or decreaſe. 

If any quantity be a maximum or minimum, any 
power or root of that quantity muſt then evidently 
be a maximum or minimum. 

Any conſtant multiple, or part of a quantity which 
is a maximum or minimum, muſt be a maximum or 
minimum; therefore when it's fluxion is made =o, 
the conſtant multiplier may be neglected. 

It is further manifeſt, that for a quantity to be- 
come a maximum, it muſt firſt increaſe and then 

B 2 1 decreaſe; 
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20 MAXIMA AND MINIMA OF QUANTITIES. 


decreaſe ; and to become a minimum, it muſt firſt 


| decreaſe and then increaſe. 


Examples. 
Ex. 1. To divide a given number à into two parts, 
*, y, ſo that *“ may be a maximum. 
Since x +y=a, and xy" = max. the fluxion of each 
=o, the former becauſe it is conſtant, and the latter 


becauſe it is a maximum; . & + = o, and mm 


1 3 TDs 1 N =ꝗj 
+nxa"y—y=0; hence X=—y, and x= e 


= = =, therefore — * 5. or my = - 1x, and 


mn. Now y = = 1 += 2 . conſequently 


If m=n, the two parts are equal. 

Hence to divide a quantity à into three parts, x, 7. 
2, ſo that xyz may be a max. the parts muſt be equal. 
For ſuppoſe x to remain conſtant, and y, 2, to vary; 
the product yz, and conſequently xy E, will be greateſt 
when y=z. Or if y remain conſtant, the product x2, 
and conſequently yxz, will be greateſt when x=z. 
Thus it appears that the parts muſt be equal. And in 


like manner it may be ſhown that whatever be the 


number of parts, they will be equal. 
Ex. 2. To inſcribe the greateſt parallelogram DF GI 


in the given triangle ABC. 
Draw BH L AC; put AC =, BH=b, BE, 


then EH == x; and by ſim. As, b:a::x: * 


1 „ 
hence the area DFGI=— X- #= max. or Xx VA 


K&N 
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=bx — max. „, * — 2Xx = 0; hence x = - b, there- 


fore EH= -BH, 


Ex. 3. il ABC repreſent a cone, AG the 4 of 
the baſe ; to inſcribe in it the greateſt cylinder DFG. 4 
Put þ=,78539, &c. then, (the ſame notation re- 
maining), it will appear when we come to treat on the 


method of finding the areas of curves, that 2 2 = 


the area of the end DEF of the cylinder ; hence the 


content of the cylinder W.. 2." 5 12323 max. or x X. 
Sb * max. a bæA= 3 Os hence x= 
5b; therefore EH= 555 


Ex. 4. To inſcribe the greateſt Ma DFGI 
in a given _- ton #86. 
23 * 
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Put BH Sa, 2 


and DF = 25k; hence the _ DFG i= 27 lr * a=x 


= MAX, or * K N aN — x* = max. a- 


2 


conſequently EH == BH. 
Ex. g. To cut the greateſt parabola DEF from the 

given cone ABC. 

Let AGC be that diameter of the baſe which is 1. 

to DGF; now EG is parallel to AB; put AC=a, AB 

=þ, CG=x, AGS = &; then by the property of 


the circle, 


MAXIMA AND MINIMA OF QUANTITIES. 
the parameter, x= BE, then by 
the property of the parabola, DE" px, „. DE pit 


a 2 | BT's 
Q, —T=3X"', or a gx, . x 24 
S 22 3 


DGS V=, eo DEF =24/ ax —_ alfo 
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by fim. As, 4: B: *: o | hence we have the 


area of the 2 =* Re max. 
hence r ν max. or x x a - Æν a - 
max. 90 3a A4 o, Re 34 = Ax, and 22 5 


Ex. 6. Given 4 = a, and x a maximum, 
to find x, y, 2. 

As x, y, z, muſt have ſome certain determinate 
values to anſwer theſe conditions, let us ſuppoſe ſuch 
a value of y to remain conſtant, whilſt x and 2 vary 
till they anſwer the conditions, and then x 2 = and 


aA zx o; hence & & 222 = 7 =, 
Now let us ſuppoſe the value of z to re- 
main conſtant, and x and y to vary, fo as to fatisfy 
the conditions ; then & ＋ o, y'x+2x9)=0; hence 
255 2x9 


_ yy —, 


J oF 
the given equation, theſe values of y and 2 in terms 


of x, and x#+2x+3x#=4a, or 6x=@, hence x= 


„ y ax; ſubſtitute in 


1 1 1 : 
za; 2 35 a. In like manner, whatever be 


6 


the number of unknown quantities, make any one 


quantity variable with each of the reſt, and the va- 
lues of each in terms of that one quantity will be ob- 


tained; and by ſubſtituting the values of each in terms 
of that one in the given equation, you will get the 


value of that quantity, and from thence the values of 
the others. 


Ex. 7 To find when y is a max. in A . 
„„ Take 


r 


— 
—— $a 
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becauſe y = 6,7 2X =—== 
2 2 3 


e Soo Rl 


x ITED 
N 


— 
"I 


TIE Soon 


Take the fluxion of both ſides, and 2 & 3x **+3, 3y 7 


X x*+y* = 20*%X 3 but when y is a maximum, So; 


PIPES: 
hence 6X 2 C d, „ and 


. 
8 * ; 


0x” Teal” +. and * = 
| p 3 | 
a a a T 
—=; hence y ( S - == - == S ĩ 2 


V3 5 A V3. 32 


S X ; . 52 4 
| 5 . 
Otherwiſe. As y* Phones „9 A 7 - 3x . 


Ex.48. To determine at what angle the wind miuſt 
ſtrike againſt. the fails of a mill, fo that . _ to 
put it in motion may be the greateſt poſſible. 

Put x= the coſine. of the angle, then 1 — x = the 
ſquare of the fine, radius being unity ; hence —— the 
Principles of Hydroftatics) the effect is as x X 1 — x* 
=*, which is to be a maximum; . x — 3% * o, 


hence x = . the coſine of 54. 44. 


Ex. 9. Given two claſtic bodies A and C, to 7 an 
intermediate body x, ſo that the motion communicated 
from A to C through x may be the greateſt poſſible. 


Put a= the given velocity of 4, w= the velocity 


communicatedto C, OE Z —_ tox; then (by Mechanics) 
ATx: 2A: 
S e: 2X :: 20: 2 


*. comp. Ax T EAC Cx: Ar: 4: x, or 


2 
* 


E t 


115 
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ALC 44: : 4: K; now as the td middle 


terms are 3 the INE term varies 1 0 as dhe 

firſt; and as the laſt is to be a maximum, che firſt 

AC 
a 


1 


mull be a minimum; ; therefore it's fluxion 


o; hence * Ad, and A: x wx; . 
Ex. 10. Given the altitude BC of an inclined plane, 
to find it's length, ſo that a weight P acting upon 
another ] in a line parallel to the plane, may draw it 
up through 4B in the leaſt time. 

Put a= BC, * Az; then (by Mechanics) the acce- 


4a 
lerating force of 7 down B A is = hence the moy- 


ing force of the two poche is P 27 Pe 22 


therefore the accelerating. mr = Era. 
P+YW X XxX 


* 


or as 


the time of e AB varies as 

FIT... | 3 | 

* "= X—4a I © = min. r f pra = min. wo, he 
"6 PxX—a 


2XXX Pr=aW—Px xXx __ 
| 2 but when a 0 


vaniſhes, 
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a it's A So; hence 2 Py = 2aWx 


ELLA "ws 


? 
* 


. I! Te 0 find the ee. ef chit planst Venus, 
when it gives the greateſt quantity of light to the 
Earth. - 


Let & be the Sun, E the Earth, V Venus, produce | 


EY, on which let fall the L SB, and with the center 
# deſcribe the circular arc $4, Put a SE, H= SF 


E 


A, = EV, y= BY, then 4A the verſed 


fine of the angle SY 4; and (by the Principles of 
e the l of light received at the Earth 
== 2 —9 = = max. Now by 
N +2xy, ”= 
2 — 3 mx . if 2 * 
2K 0 Wy * 2X 


m -A 2bax=m + x* 


3 hence the quan- 


. f b 
tity of light re 


which is therefore a maximum; hence it's fluxion 


— =O, or it's 


6 


4x 


numerator 


+24 0 
- 


1, x 


. MAXIMA AND MINIMA or QUANTITEES, 29 
numerator 4bx%X+4x*X = 12bx*x + br x*x— 6x4 =0, 


4 ; or by dividing by 2x*x and uniting the like terms, we 


have = x*— 4bx+3m" , . "+4bx= 3p, a qua- 
dratic, froni which x = = 24+ TZ. Hence we 
know the three ſides of the triangle ESV to find the 
angle E of elongation, which = 39*. 44. 

Ex. 12. Let A be an object placed beyond the 
principal focus # of a convex lens, to find it's poſi- 
tion, when it's diſtance 2g from it's image 9 is the 
leaſt poſſible. | 

Put x., FE=a; then (by the Principles of 


Optics) X:;X+3: * L224 = — = a min. hence 


5 . 2Xxx+axX=—=Xd) a 
it's fluxion — 2 9 —.— O, and by aſ- 


ſuming the numerator o, and dividing by x +a, we 
have 2XX=XX=4X=0, Or X- Aa =O, . d. 

Ex. 13. To find the Sun's place in the ecliptic, 
when that part of the equation of time which ariſes 
from the obliquity of the ecliptic is a maximum. 

Let AY be the equator, 4 the ecliptic, & the 


W 


Sun's Place, and SB 1 AY ; then this part of the 
n 


6-0 
ch. 4G 


. — 
—— 3 — . IAEA 
C ˙ ET ̃⁰ AA ⁵˙ RA" 


es MAXIMA AND MINEMA OF QUANTITIES, 1 
equation of time is the difference of the Sun's lon- 
gitude AS and right aſcenſion 4 B, turned into time, 
Put 5=col. of the angle A=23*. 28', x= the tangent 
of AS; 5 then by Spher. Trig. rad. =I; $ : K: tan. of bk 
Ah ix; hence by plane trig, the tangent of E 


X—SX 5 4x * F , - ; 
= =1—$ X ELIT = MAX. or T = 


— 
—— eh 2 


<>. 4. 
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. * Xx IT = 25x Xx | 
it's fluxion — — So, hence vB, ; 


numerator & +5x*X— 2g & o, N I—SX" = =O, and 


x = A 1, 04416 the tangent of 12 14 the Sun's 


. when this part of the equation is a maximum. 
Ex. 14. Given the baſe CB of an inclined plane 
AC, to find it's altitude BA, when the time of the 
deſcent of a body down the plane is the leaſt poſſible. 
Put 4 = CB, x= BA, then Var AC; and 


(by Mechanics) the time down AC varies as. 1 2 
X 
& x* 
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mum; hence — —_ — So, or its nume- 
1 nator 2%*xX—d'X—x*X=0, therefore x* Ses, and 
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Ex. 15. Given the baſe CB, to find the perpen- 
dicular BA, ſuch that a body deſcending from A to B. 
and then deſcribing BC with the velocity acquired, 
the time through 4B and BC may be the leaſt poſſible. 


Put m= 1675 feet, 28 x=B A; then (by 


Mechanics) the time down AB = 9 = ; alſo with the 


velocity acquired at 5 continued uniform, the body 
would deſcribe 2 AB, or 2x, in the fame time; hence, 
as the ſpace deſcribed mw an uniform velocity 5 2 _ 


the time, 2% 142 i : 1 


the time of deſcribing B wh 5 "ihe the hn Foes 
TVB 4 
Ae Vater = 


2 © 2 1 2 had 5 1 iT » I 4 
minimum, or . = min. . 2 * & 24 
. 4 L 


— 1 I 
So, or x *==ax"*, hence x = a. 
2 2 | 

Ex. 16. Given the baſe CB of the inclined plane 
AC, to find it's altitude BA, ſuch that the horizontal 
velocity of a body at C deſcending down A C may be 
the greateſt poſſible. 

Put a=CB, = BA, then US= V a* + x* 5 now 
(by Mechanics) the velocity at C is as / x, and by the 
reſolution of motion, Va : :: x: "A 


Va T 


the velocity at C in the direction BC, 3 is to be 


« & n 
A maxim OT = 4 IMAXIMUINN ; 
| wn, a + x* 5 
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oe — = = "=o, of the ” merator @*x + 
K 2x*X=0, hence #=08. 

Ex. 17. To find when (4) * = 18x* +9g6x—20 
becomes a maximum or minimum. 

Aſſume the fluxion o, and 3K X= ; 
=3XXx*—12x+ 32 o, hence x=4 or 8. Now 
to determine which value gives the maximum and 
which the minimum, find whether the value of the 
fluxion, juſt before it becomes = o, is poſitive or negative; 
if poſitive, the ſucceeding root gives a maximum ; if ne- 
gative, a minimum ; for whilſt a quantity increaſes it's 
fluxion is poſitive z but when it decreaſes it's fluxion 
becomes negative, by Art. 16. Now as 3x XX=4X 
x—8=3x Xxx —I24Þ+32 3 when x is leſs than 4, 
each factor being negative, the value of the fluxion 
ãs poſitive, therefore the root 4 gives {A} x 18K + 
96 - 20, a maximum; and as, when x increaſes 
from 4 to 8, one factor is poſitive and the other nega- 
tive, the fluxion is negative, therefore the root 8 gives 
J a minimum. When we fay that by making x = 4. 
it gives {A} a maximum, we mean that ) firſt 
increaſes till x becomes 4 and then it decreaſes, and 
not that it is then the greateſt poſſible ; for by in- 
creaſing x after it exceeds 8, the value of {A} in- 
creafes fine limite. And in like manner {A} decreaſes 
whilſt x increaſes from 4 to 8 and then it increaſes, 
and therefore when #=8, {A} is faid to be a mini- 
mum, not that it is then the leaſt poſſible, for if we 
decreaſe x below 4, {A} will decreaſe fine limite. 

We have here ſuppoſed x to increaſe ; if we ſup- 
pole x to decreaſe, and firſt aſſume it greater than 8, 

then 


— 


MAXIMA AND MIxIMA or QUANTITIES, 3 
then as x decreaſes till it becomes 8, each factor x — 4, 
* Es being poſitive the product is poſitive, and there - 
fore it might appear that the root 8 ought to give A 
maximum; but as x is a decreaſing quantity, it's s flux- 
ion ion (x) is negative by Art. 16; hence 3% K AX 
* d is negative till-x becomes 8, and therefore this 
root gives {A} a minimum; and whilſt: decreaſes 
from 8 to 4, 3XXx—4Xx—8 is poſitive and there- 
fore 4 gives {A} a maximum, agreeable to what was 
before determined. This inſtance ſhows the neceſſity 
of attending to the ſigns of the fluxions of increaſing 
and decreaſing quantities, without which we might 
have determined {4} to have been a maximum when 
it is a minimum, and a minimum when it is a max- 
imum ; for it is merely arbitrary whether we ſuppoſe 
x to increaſe or decreaſe. 

When all the roots of the fluxional equation are 
impoſſible, as no poſſible value of x can make the 
equation =o, it ſhows that by increaſing x, the given 
quantity increaſes or decreaſes fine limite, therefore it 
admits of no maximum or minimum. 

It may happen that the fluxion may be =o, and yet 
the quantity {A} may not be a maximum or minimum, 
which takes place when two of the roots of the flux- 
10nal equation are equal, becauſe in that caſe, the ſign 
of the fluxion 1s the ſame both before and after the 
equation becomes o from the ſubſtitution of one of 
the equal roots. For let the given quantity be x*— 
16x*+gox* — 216x, whoſe fluxion is 4%*xX — 48x" * 


+180xX—-216X=4% X x*—12x *+4AG5X= 54=4%X 
| Xx—3Xx=3Xx—6, Now juſt before x=3, this 
fluxion is negative, and juſt after x=3, it is alſo ne- 

4 gative; 


32 MAXIMA AND MINIMA OF QUANTITIES: | 
gative; therefore as the fluxion continues negative 


whilſt x paſſes through 3, that root does not give (A). 
a minimum; but as the fluxiori paſſes from negative 
to poſitive whilſt x paſſes from leſs than 6 to more 


than 6, the root 6 gives (A) a minimum, it's fluxion 


aſter that time being end ſhows that { 10 then be- 


gins to increaſe. 


Let the fluxional nal. equation have. three —_ roots, 
28 in & aN = AK N=, and let a be leſs 


than. Then it is manifeſt that when is leſs than 
z, this fluxion is poſitive, and when x paſſes through 
4 and lies between @ and 6, the fluxion is negative; 
therefore x= a gives {A} a maximum, Henceit is mani- 
feſt that, in general, when the fluxional-equation has an 
ever number of equal roots, that rootgives {A} neither a 
maximum nor minimum; but when it has an odd num- 
ber, that root gives (A) either a maximum or mini- 
mum. If the Reader wiſh to ſee any thing further on 
this point, he may conſult Lyoxs's Fluxions. p. 91. 

Ex. 18. To find the value and poſition of the 
greateſt and leaſt ordinates of a curve; whoſe equation 
is = X N Nx, x being the abſcifla and y the 


ordinate. 
Take the nien, and 72 3* — 2ÞxX+qx; but. 


when y becomes a maximum, So, hence 3x*x — 


Ef? the 


2pxx+qx%=0; conſequently 5 — 9 
values of the abſciſſa correſponding to the required 


ordinates; and if theſe. values of x be reſpec- 


tively ſubſtituted into the given equation, the values 


of tlie ordinates themſelves will be known. Which 
af the values of & gives the ordinate a maximum and 


which a minimum, may be found by Ex. 17. If 


p=15z 


„ Dil. ‚ - dn de Mi en ell . eas — ͤ A. , 
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p=18, q = 60, r=10, then X = 2 and 10, the two 
abſciſſæ; which ſubſtituted for x in the given equa- 
tion, give 46 and - 210 for the two ordinates, the 
latter of which being negative, ſhows that the curve 
at that point lies below the abſciſſa. 

22. In queſtions of a geometrical and philoſophical 
nature, there are frequently reſtrictions, which enter 
not into. the analytical expreſſion. For' inſtance, if 
a body revolve in an ellipſe and the force tend to the 
centre, it varies as the diſtance (x) from the center. 
Now this force in the ellipſe is a maximum at the ex- 
tremity of the axis major, and a minimum at the ex- 
tremity of the axis minor; but it is manifeſt that the 
quantity & is not reſtricted within either of theſe 
limits, as it may be increaſed or diminiſhed fine 
limite; therefore if we put it's fluxion {x} = o, nothing 
can be determined from that equation reſpecting 
the points where the force becomes a maximum or 
minimum. The analytical expreſſion can never be 
applied, but where it's value is neceſſarily reſtrained 
by and ſuffer all the changes which the quantity it 
cxpretiey. is ſubject to. 


„Vote 


34 TANGENTS TO CURVES. 
TO DRAW TANGENTS TO CURVES. 


Proy. X. 
Let the turve AC Z be deſcribed by the extremity of the 
ordinate BC, which moves parallel to itſelf and varies in 
it's length ; to draw a tangent to the curve at any point C. 


23, Let C be the required tangent; draw any other 
ordinate Dr and produce it to 3; draw alſo CE pa- 
rallel to BD; join Cr, and produce it to f and W; 
produce alſo CE to any point &, and draw Ems paral- 


lel to Es. Now let Drs move up to BC, then by the 


motion of y the line Vr Ct will revolve about C, and 


when 7 coincides with C, it ceaſes to cut the curve 


bettveen C and Z, and it does not cut it between C 
and A, for to cut CA, Ct muſt fall below CT, and 
conſequently C muſt lie above CV, or r muſt have 
paſſed 3, which it cannot have done, as r has been 


continually approaching to 5 and only now coincides 


with it; therefore when v comes to C, the line V, 


F A | ms: 


ceaſing to cut the curve, muſt become a tangent, and 
conſequently VCt will then coincide with CT. Now 
whilſt the abſciſſa AB by increaſing becomes AD, the 
ordinate BC becomes Dr; hence the increment of the 


ordinate 
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ordinate BC is Er; and, by ſimilar triangles, the 
increment CE of the abſciſſa: the cotemporary in- 
crement Er of the ordinate :: CG: Gm. - But when r 
arrives at C, MC coincides with YC, and eonfequently 
m muſt coincide with ; hence the limiting ratio of 
the increment C of the abſciſſa to the increment Er 
of the ordinate, is that of the finite lines CG: Gn, 
which (by ſim. trian.) is the ratio of CE: Es, 
taking DEs in any fituation before it's coincidence 
with 5 C; hence, by Prop. 2. Cor. 1. if CE repreſent 
the fluxion of the abſciſſa, Es will repreſent the 
cotemporary fluxion of the ordinate. Put AB=x, 
BC=y, then BD=CE=x, Es=y; and as BC is pa- 
rallel to Xs, and TB to CE, the angle TCB=CsE, 
and CTB=5CE, conſequently the triangles TBC, 

CEs are ſimilar; hence y [ES: x (CE) :: y (GB) : 


BT 22 ; therefore ſet off BT Ml „ join T and C, 


and TC will be a tangent to the curve at C. If y decreaſe 
whilſt x increaſes, then / becomes negative by Art. 16. 


and conſequently 2, or BT becomes negative, which 
ſhows that 7 lies on the other ſide of B. See the Alge- 


bra, Art. 474- 

The line AT is called the ſubtangent. 

Examples. 

Ex. 1. Let the curve 40 be a parabola, that is, a 
curve whoſe abſciſſa vari:s as any direct power of the 
_ ordinate ; to draw a tangent to the point C. 

The equation 3 the re between x and 
yis ax , for then x : y" : a, a conſtant ratio. 
Take the fluxion of both gde th the equation, and wg 
* x. Braff a 
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have aX =ny*'9, hence 5 Fa ie 
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ux, becauſe . If n=2, it becomes the com- 


mon conical parabola, and BT = =AX. 
Ex. 2. To draw a n to * elipfe ACPDE, 


at any point C. 


Let AD and PE be the two axes 3 put 40 Sa, PO 
b, AB=x, BC=y, then BD=24=x; and by the 


property of the ellipſe, 4: be 24 - XK XxX: = x 


2 


. — 7 
24 &; take the e — X24X—2XX=2 7. 


aldi both ſides by ©. Jas divide * 2 which is com- 


y — . 
. 


. * 


mon, and alſo by a— x, and $=% Wa a 


12 „ 
* * 3 hence BT 1 — — 


by ſubſtituting — 5 N 24 & for *. We may fur- 


ther obſerve, that as this value of TB is independent of 


5, or PO, if we take pO= AO, fo that Ap D may be a 


circle, and produce BC to c, -cT will be a tangent to 
the circle. If B had been between O and D, ſo that 
whilſt x increaſes y ſhould decreaſe, then y becomes 


negative by Art. 16. and conſequently 22 is negative, 
which 
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which ſhows that the fubtangent B T would he _ 


other way from B. | 
A Ex. 3. To draw a tangent to the Jypertol AC, 
5 whoſe major axis is AD. 

Biſect AD in O; put 40a, the ſemi- axis minor 


5 21 


=b, AB=x, BC=y; then by the property of the 


hyperbola, #: * : Za T K*: y* N , 


3 


which is the ſame equation as for the lipſe, except that 

2ax T 
a+X* : 

Ex. 4. To draw a _— to the Ci iſoid of TO 


the ſigns of x and x are here poſitive; . BT 


* 
whoſe equation is * 2 
22 5 3 . 
Take the fluxion, and 29) = 3X XXa—x+XXx 
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a — 2.X*X x 
* , hence === 15 
4 — K „„ 


8 — 2 
2) * = _ 2 ** 2 -& = 2XXa=—x 
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34 — 2K 4 3a - 2x 34 2&« 
24. Draw CN perpendicular to the tangent, 
and it is called the normal, and NB the ſub-normal. 


Now the triangles TBC, NBC are ſimilar, hence = 


(TB) : y (BC) :: y: BN = the ſub- normal; and 
£9 CN* 
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i | —— ary 4 . N 
c vx N . hence CN 


* H the normal. 


Ex. Let the curve be a parabola whoſe equation is 


1 . 2 
ar; then ax n , and Vo BN = 


4 


BN =, a being the latus rectum. Alſo CN = 


Sorts +22 


25. If two quantities begin together and increaſe 


uniformly, one by x and the other by mx, m being 


conſtant, then, by the Compoſition of Ratios, the 
quantities generated will be in the ratio of x: mx, or 
mw 1 a conſtant ratio. 

BC move parallel to itſelf, and A B 


— | + — 
and BC increaſe uniformly, the locus of the point 
CG 18 


In the common parabola, where z=2, 
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Cis a ſtraight line. For let BC come into the poſi- 
tion Ds; then as AB and BC begin together and 
increaſe uniformly, they have always a conſtant ra- 
tio to each other, by Art. 25 ; therefore AB: BC :: 
D: Ds, which is the property of fimilar triangles; 
hence AC is a ſtraight line. Alſo, as BC is parallel 
to Ds, AB:BD:: AG : Cs, and AB: AC:: BD; 
Cs; but AB: AC in a conſtant ratio; if therefore BD 
the increment of the baſe be conſtant, the cotempo- 
rary increment Cs of the hypothenuſe muſt be conſtant, 
or if the former increaſe uniformly, the latter will 
Increaſe uniformly. Hence the two uniform motions 
of C, one in a direction parallel to AB ariſing from 
the motion of BC, and the other in the direction BC, 
generate an uniform motion in a 97ght line AC. 

27. The fluxion of the curve line AC, cotemporary 
to CE, Es (figure to Art. 23) the fluxions of the abſciſſa 
and ordinate, 1s the ſpace that would be deſcribed by the 
point Cwith it's motion continued uniform for the time 
in which CE, Es are deſcribed. Now the motion of 
C ariſes from two motions, one by which it is carried 
parallel to AB by the motion of BC, and the other 
by which it is carried in the direction BC by the 
increaſe of BC; therefore the uniform motion of 
C is determined by making theſe two motions be- 
come uniform ; but when theſe two motions become 
uniform, they are repreſented by CE and Es, by Art. 
23. and theſe two uniform motions produce a cotem- 
porary uniform motion Cs, by Art. 26 ; hence by Prop. 
1. Cs will repreſent the cotemporary fluxion of the 


curve line at the point C. 
e 4 10 


bs, 
Ng 
We 
* 
- 
1 * 
1 
2 
* 
78 
6 
of 
1 "0 
-— 
ö 
* 
4 
SY 
> 
4 be 
EY 
XY 
WEED: - 
pA 
X 33 
388 
5 * 1 
Wo 
8 
is 
- 8 
"iy 
oj 
= 
e 
2 
2 
. = 
WW: 
2 1 . — 
"5280 
Wn”... 
1 
© HS 1 
"SY 
N 1 
8 
= A 0 a 
28 
hg 
3 
r 
= 
4 
Wo” 
"SN 
i >4 8 
A 
3 
1 
Ec 7 
Se, 
* 
1 — 
e 
1 r 
7 
e 
"5 
* 1 * 
7 
L a 3 
5 
3 
1 
5 WE 
ww” 
_« 5 
* 288 
7 
„ 
= 4 
RE 
_— 
"8 * 
- 4 
1 
1 
8 
IJ "= . 
=; 
1 
1 4 
8 
3 
2 
bo 
— a * 
I 
" $3: 
_ 2a 
Hog 
PE 
A 
1 
3 
1 
1 os 
FIR 
woe” 
562 
* * 
. ar 
1 
"x 2 
4 . 
1 _ 
3 
* 
— 
2. 
7 
Ky. 
-- eg 
ws” 


2 — S x L 2.5 n 
Z 

* 2 0 8 2 TR, Of 

33 8 


40 ASYMPTOTES TO CURVES. 


3 DRAW ASYMPTOTES TO CURVES. 


= | | DEFINITION. 
4 28. If a right line, interſecting the axis of a curve 
R at a finite diſtance, continually approach to the curve, 

| and arrive nearer to it than by any aſſignable diſ- 
tance, but indefinitely produced never meets it, it is 
called an Aſymptote. 


Prop. XI. 


To "RA an aſymptote to a curve. 


4 | 29. Let S D be an aſymptote to the curve AC; 
| E then, by the definition, we may confider the aſymp- 5 
kj tote & Was the limit to which the tangent approaches, 
when the abſciſſa AB is increaſed fine limite. Draw 
AE parallel to the ordinate BC produced to D, and 
let TC be a tangent to the curve at C. 


Put AB x, BC=y; then by Art. 23. Br . 


* i 2 
hence AT N from the equation of the curve, 


find the value of this quantity when x and y are infi- 
nite, and if it be then finite, the curve admits of an 
alymptote SV, and the value of AS is obtained. 
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Then having computed the value of BT, find the pro. 
portion of 7B to BC, and to get their limit, make x 
and 


— 
/ 


* 2 vans % =_ > by — 
r ON dx? 
TD — = . 2 
— - * * * 4 


: „ 
i 


1 


95 


—_— 


ll 
15 

| : 
po 
1 


* — 2 Woo 


* 
* 
* 
1 
+ 
+ 1 
=. 
0 — 
oy 
8 


ASYMPTOTES TO/CURVES. as.” 
and y infinite, and you get the proportion of SB to 
BD, becauſe the limits of TB and BC are SB and 
BD; but, by ſimilar triangles, S B: BD :: $ A: AE, 
the ratio therefore of SA to AE is known, and as 48 
is known, AE is known; therefore the point E is 
determined; draw & E and produce it indefinitely, and 


it will be the aſymptote. 
Examples. 
Ex. 1. Let AC be the common hyperbola, AB it's 
24x +x 
a+ xk 


. 
fore 47 25 - , which, when xisinflnite, 
a a+ 


axis; then by Ex. 3. Art. 23. BT = , there- 


becomes As; hence S is the center of the 
hyperbola. Now 2 X Vaax r = (when x 


. | 
becomes infinite) 5 3 DZ; allo when x becomes in- 


finite, BT Or BS 2x. 3 hence 2 x J:: 
a+Xx * | a 

bd: 4} BD: BS :: AE; AS; but 1 > a 

=; hence draw AE parallel to BC and take it = by 

join SE and produce it indefinitely, and it will be the 

aſymptote. 


Ex. 2. Let the equation of the curre be 53 = ax* 


+x*; then 3 24 Xx Xx T 3*] , and Er 
N IO 


= _ gax +3x* Jax + 3x? 
2ax+3x* 2ax+3x** hence AT = 24 + 2x* © 
ax* 


22 Fan” and when x becomes infinite, this be- 


comes = AF ; alſo when x becomes infinite, BT or 
BS 
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BS=x, and BC=y=v/ ax'+x=x=BD; hence 
BS=BD, conſequently AE =AS=5; take therefore 


A8=? and AE= 5» join. SE and produce it indefi- 


nitely, and it will be the aſymptote. 


TO DRAW TANGENTS TO SPIRALS. 


DEFINITION. 

30. If an indefinite right line SM revolve about & 

and a point C move in it continually from S, it will 

deſcribe a curve called a ſpiral; & is called the center, 
and SC it's ordinate. 


Prop. XII. 
To draw a tarigent to any point C of the ſpiral. 


31. Let 7Cs be a tangent to the ſpiral at C, and 
SY perpendicular to SC; draw CE perpendicular, and 
E, parallel to SM. Now the deſcribing point C has 
two motions, one in the direction SM, and the other 


perpendicular to it ariſing from the motion of S 


about S. The deſcribing point C is therefore under 
the very ſame circumſtances as in Art. 23. upon ſup- 
poſition that CE 1s there perpendicular to the ordinate 
CB; the fluxions therefore muſt be repreſented here in 


like manner as they were there; for the fluxions at the 


point C in che directions CE, CMand Cs depend (Art. 
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TANGENTS TO SPIRALS. 43 
g.) entirely upon the velocities of the deſcribing point 
C in thoſe directions, without any regard to what may 


take place afterwards from the further motion of MS 
about M; the fluxions therefore will be juſt the ſame 


as if the ordinate were moving parallel to itſelf and the 


deſcribing point C had the ſame two motions given to 


it: hence, by Art. 27. Cs is the fluxion of the curve, 
and by Art. 23. Es is the fluxion of the ordinate, and 
CE the fluxion in the direction perpendicular to 
SC. Put SC=y, then Es=y; and, by ſimilar trian- 


gles ECs, CSY, Es C: CE CS (y) : Sr = 


Cor. If the point C have no motion in the direction 
SM, the curve deſcribed will be a circle, and Es be- 
coming So, the cotemporary fluxion of a circular 
arc whoſe radius $C revolves with the fame angular 
velocity, will be CE. | 

32. With any radius S A deſcribe the circle ABD, 


produce SC to Band SE to v meeting Bv a tangent to 


the circle; and ſuppoſe the angle ASC to vary as SC. 

Put AS=r, SC=y, AB=x, Bux cotemporary 
with the fluxions CE, Es; then as x is the meaſure 
of the angle ASC, let us ſuppoſe that when x becomes 


any 
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any quantity s, y becomes r, and x: 5: F, . 
Ws x, and 2 — a By; and by ſimilar trian- 


* 


* _ 


c= 8. hence 


11. 


gles S Bo, SCE, r: y T 


by Art. 27. 7( = —5— = * 


2 


Cor. Hence, if SZ be perpendicular to CY, we have, 


by fim. triangles C, SCZ, CY: CS:: CS: CZ. 


GS 
* | 
Examples. 

Ex. 1. If m= 1, it becomes the ſpiral of Archimedes, 


| 2 | RT 2 
and ST . Hence CY N — 2 +57 . 


3 7 
utting — ; . CZ = a Hence alſo SZ = 
P 2 | : : WET; +5” 


Y. 


Ex. 2. 4 m = 1, it becomes the reciprocal. {pual, 


and 8. —_ a conſtant quantity, 


Ex. 3. 
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 'BINOMIAL THEOREM. 45 
Ex. 3; If m==—2, the ſpiral becomes what Mr. 


corxs calls the 22 and 825 7 r : 


Ex. 4. The logarithmic ſpiral f is generated by the 
* angular motion of SC about 8, whilſt C recedes 
from & with a velocity proportional to SC; hence SE, 
the fluxion of SC, varies as SC; but as the angle CSE 
is always the fame in the ſame time, CE will vary as CS; 


hence GE; ES :: 4: 1, a conſtant n I = 4s 


an ST INE N conſequently 5 r : SC :: ay: 


- 


: 4: 1, a conſtant ratio; hence the triangle SC 
continues always ſimilar to itſelf, and therefore the 
angle SCY is conſtant, and is known from the ratio 
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ON THE RNOMIAL. THEOREM. 


Proy. . 
To expreſs the value of ax by a ſeries. 


33. The ſquare of 1+x is 1 +2 x +x*;' the 0 Is. 
1+3x+3x*+x*; hence it appears, that the coefficients 
do not depend upon the value of x, but upon the 

index of the power'; therefore if x be diminiſhed and 
at laſt vaniſh, it will make no alteration in the coeffi- 
cients. And as by the continual multiplication of 


1 +x we manifeſtly get a quantity with all the powers 
of 
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of x regularly aſcending, let us aſſume 1 Te 1 +ax 
+ bX*+x*+dx*+ &c. Now to determine the values 
of a, b, c, d, &c. take the fluxion of both fides of 
this equation, omitting x as it will be common to every 
term; then take the fluxion of the reſulting equation, 
and fo on continually, and we get the following m_ 
tions. 


2X r ene 
1.1—1X1+x*=2þb+2, 3c&* ＋ 3. 4dx ＋&c. 
2. 1. 2 1+xY*= 2.3c+2.3. 4dx+8&c. 
&c. &c. 
Now make * o, and from the firſt equation, 
n=; from 7 ſecond, 11 12233 from the third, 
1— 1 


1. 1 1. 1 22 2.36, &c. hence a = n; b=n. 


1 = 2 


c=. . &c. where the law of continua- 


3 
tion is manifeſt. Hence 1+"= 1 Tar. AA 


3 2 


i | | 
number, it is manifeſt that this feries will terminate 
1 — 1 | 


* ＋& C. Now if # be a whole poſitive 


a —1 
when we come to the coefficient 3 the 


a+1 

laſt factor being =o. But the above inveſtigation 
holds, whether a be a whole number or fraction, po- 
ſit ive or negative. If be a negative whole number, 
the ſeries will never terminate, becauſe the numerators 
n, 1 — 1, #—2, &c. become then — 2, — 11, 
—z—2, &c, and therefore can never become =o. 
Alſo if » be a fraction, it is manifeſt that 2, 2— 7, 
= 2, &c. can never become So, becaule a fraction 

| can 
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can never be deſtroyed by the ſubttaction of a whole 
number from it. Hence the ſeries will always run on 
ad infinitum, unleſs » be a whole poſitive number. 


If the binomial be 1—x, then x becoming negative, 


the odd powers of x will be negative and the even 
powers will be poſitive; hence 1—x\"=1—ax+ 
2-215 Be LU, : 
8, —— e if" Path : * c 
34. Hence we may expand a+x!, For as a+x 


=aX1+%, TeX (by mg 


5 2— 2 K* 


"bs == + &c. 


— I 2 — 85 
2 a 72. * n 1.—— = a * 


| * 1 — IX 1 
for x) aN LPS. 1 


&c. For the Aifferent caſes where the ſeries con- 
verges. of diverges, or becomes So, ſee Dr. Wa- 
RING's Med. Anal. p. 415. 

The principal uſe of this rule is to extract the roots 
of binomials, for if # be a fraction, the ſeries gives 
that root of the binomial which the fraction expreſſes. 

| Examples. 
Ex. 1. What is the ſquare root of a*+ 2* or 


the value of 2 TZ in a ſeries ? 
By the Elements of Algebra, Art. 250. 4 +27)* = 


* 1 N — 17 0 with 1 + x” , and we 


8 - 
have; = , 725 hence by ſubſtitution, ax i +5 = 
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3 iy I 
1== -; hence T7 X I 5 I 
2 42 21 a 2222 


— — e 
2a 84 162 


Ex. 2. What is the fourth root 1 — x, or the value 
of I l in a ſeries? 


Ex. 3. What is the cube root of 4 — 2, or the va- 


loe of a— 2 1 in a ſeries? 


"a AT i 1 2 1 : 2 1 
Firſt, a=2\* = x 1 =; and comparing 1 — 7 
. 5 „ : 


5 1 
— 4 „ iin SJE; + 
with 1— * 185 have he &, 1 735 hence a7 X 14 * = 
| | \ EPS 


1 : : 
. 4 8.” | . 
and comparing 1 | with 1—x)", we have = =x, 
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12. — 1 —2— 12 
12—.— 7 A 3 3 
2 4 2 2 2 2 3 a 
4 
I 2 32 2 


- into an infinite 


x. 3. To reſolve 
EX. $e.'® a +2ax+x 
ſeries. 

I 


This quantity is 8 a+x)*; which compared 


with a+x)", gives #==2; hence a =4" — 


$ — 2—1— — 2 — 1 —2— 2 
ha K 2. 8 - *x* — 2,.- . 
| 1 2 3 

1 SY =: 27 
&C == A 2 
8 SJ a* 


4 * 


3 


F ky I | . . 
Ex. 6. What is the value of - in an infi- 
| What 1s the va pong gen an | 
nite ſeries, 1 
, no j 1 | 1 
This quantity 18 equal (0; —3 — X : 


24 
1+=) ; and by comparing += with 1-+x!", 


= i I 3 
we have x= —, 1; hence — x14 =] = 
24 2 42. 24 


—1—1 2 1 
— X — 1.— 1 5 
24% a 2 4c 24% 44 
2 
— &. 
8a 


In like manner we muſt Proceed in the expanſion 
and diviſion of all binomial quantities. 

35+ The value of i +x)" has been aſſumed = 14+ax+ 

Vor. D b + 
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1 f 
=» 7 and s being whole numbers. Now the value 


cx*+8&c. Now any power of the ſeries 1 +px+9x* 
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bx*+cx* + &c. and applied in all caſes, whether # is 
a whole number or a fraction; if » be a whole num- 
ber, it is manifeſt from the obſervation in Art. 33, 
that this muſt be the form of the ſeries ; but if u be 
a fraction, it is not ſo obvious that we may aſſume the 
ſame ſeries ; the legality of the aſſumption however in 
that caſe may be thus ſhown. Let a= any fraction 


of T is expreſſed by 1 +ax+bx*+cax* + &c. 
but 1+x)” is tlie 0 power of 1+ VV therefore ſuch a 
ſeries muſt be aſſumed for 1 + x) that the Ju power 
thereof may give a ſeries of the form 1 +ax T + 


+rx*+ &c. will give a ſeries 1 TR TA c ＋&c. 
therefore we may aſſume a ſeries of that form, where 
the powers of æ regularly aſcend, to repreſent the va- 


ry 


lue of T. 


SECTION 


SECTION in. 


ON THE METHOD oF FINDING 
 FLUENTS. 


$6. = buſineſs of the direct method of fluxions 

is to find the fluxion from the fluent; to 
find the fluent from the fluxion is ſometimes called 
the inverſe method of fluxions. It is not difficult to 
put any quantity into fluxions, there being direct rules 
for that purpoſe; but there are no direct general rules 
for finding a fluent from a fluxion, and very often it is 
impoſſible to do it, as the fluxion may be ſuch as could 
not ariſe from putting any fluent into fluxions, in 
which caſe no fluent can be found. We cannot there- 
fore lay down rules for finding the fluents of any 
other fluxions than thoſe whoſe forms ſhow them to 
have been derived from ſome fluent. 


Prop. XIV. 
To find the fluent of any power of a fi mple quantity mul- 
tiphied by the fluxion of that 8 | 


D 2 37. The 
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. The fluxion of x* is 3x*x, therefore we know that 
the fluent of 3* * is x*, and it is deduced from the 
fluxion, by the converſe of the rule for putting & in- 


to fluxions. In general, the fluxion of * is, by 
Art. 12. *] ; therefore the fluent of nx "x muſt 


be x", and this fluent is deduced from the fluxion by 
the following | 
RULE : 
Add unity to the index, divide by the index ſo increaſed, 
and alſo by the fluxion of the root. 
Examples. 
Ex. 1. The fluent of 7 x*x is x”. 


Ex. 2. The fluent of x*x-1s = 
| 4 
Ex. 3. The fluent of 5 X is — 


Ex. 4. The fluent of Lab is x IX 72 


899 
Ex. 5. The fluent 55 — ” orbx *X is he — .. 
=8 J 


Ex. 6. The fluent of I Ti is 2 x 395 = 
* 


2575 | 

38. If =o, or the index of x be — 1, the fluxion is 
H but this fluxion cannot be generated by xe, it be- 
ing (by the Principles of unity, a conſtant 
quantity; hence the fluent of = cannot be found 


by this rule. 
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F : 

To find the fluent of a compound quantity raiſed to a 

power, where the term without the vinculum is the fluxion 
of that under, or in a grven ratio to it. 


39. The fluxion of T7 Fx\ is (by Cor. Art. 12. ) #X 

a N Kr , which is found by the ſalne rule 
as the fluxion of x". Every complete fluxion therefore 
of this kind muſt neceſſarily have the index of the un- 
known quantity without the vinculum, leſs by unity 
than the index under. Hence every quantity ſo cir- 


cumſtanced will have it's fluent found by the above 
rule. 


If r=1, then 1 1 o, and x= 1; therefore the 
fluxion becomes a+x\ X x, 


Examples. 5 


Ex. 1. What is the fluent of aT x x ? ? 
Here the fluxion of the "”_ a Tx is *; hence the 
4 x * 4 

Fe 
Ex. 2. Whatis the fluent of G TD Xxx? | 
Here the — of the root a*+x* is 2x; hence 


1 * * N 


Fe is 


TEX: 3 


: 5 
Ex. 3. What is the fluent of a*— x*\* X gx*x ? 
Here the fluxion of the root 3 -* is 4* ; 


— N r 9 
71 is... 


Ex. 4. What is the fluent of —=—— ? 
D 3 This 


bence the fluent 1 < 
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This quantity = TROVE oc of x; and the 
fluxion ef the root 46 is 54.x%# ; therefore the 
fluent 1s 2 . KEEL — 
| EX 54% X 1 

Quantities which do not at firſt ſtand under this 
form, may frequently be reduced to * 


Ex. 5. What is the fluent of ; 
: 5 | a* ; — 


Firſt, * K XxX = ͤ rTIXx ; there- 


——— — | 
fore a* + x \ AN + I YL X x? 5 hence 0 71 = 


ax 
. _ = + x1. * a , where the 5 1n- 
| PX ITNEEX x? 


dex of x without is lefs by unity than that under the 
2 * * * abs 1 


vinculum; hence the fluent is — * 
E tXC-2A⁷ꝗ 
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I N 

r N a x1 Xa 
No general rule can be given for the reduction of 
any quantity to it's proper form; in any particular 
inſtance, it may eaſily be diſcovered, whether it is 


reducible to it, or not. 
40. If both quantities under the vinculum be vari- 


able, and the quantity without be the fluxion of the 
quantity under the vinculum, or in a conſtant ratio 
to it, the fluent may be found by this rule. Thus, the 


fluent of N x 29 is 1 K 


but theſe caſes ſeldom occur. 


PRop. 
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Pave, VI 5-5 5; 
To find the fluent of a+c2""Xdz'*—'2, where the 
index of 2 without the vinculum increaſed by unity, is ſome 
multiple of the index of z under the vinculum. | 


| "K=4a A 
41. Puta c =x, then 2 1 . take 
Xx x- AD , 
it's fluxion, and ra "= 3 z 1g 


55 xx, hence (putting r—=1=s) dun 


= A= (by expanding x — a £ x * * 


— 


— — 


1 
** — ran. du —&c. ſubſtitute this quan- 
tity for da e,, and x for ac, and the given 


3 1 4 
fluxion is transformed to ny Lo 


| x K- e +5, ——GPXT%— &c. _— 


x N - Ja U L ar- &ec. the fluent 
of each of which terms is found by the Rule in Art. 


37. hence the fluent required is 727 


5 x Fax 5.2. a r 
— — — ͤ—— — & o. Now we 
m -I 1 mr * m5 1 ä 


muſt conſider when this fluent can be re in 
finite terms, and when it fails. 

i* If 7, and conſequently 5, be a hcl poſitive 
** the ſeries ariſing from the expanſion of x — 2 
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will terminate, and the fluent can always be found if 


m be a poſitive whole number, or a Hefitive or | pegative 


| Ea ſon. 


4 If er be a poſtive whole number, and . a nega- 
tive whole number greater in magnitude than 31, 
or r, the fluent can always be found. But if m be 
a negative whole number equal to or leſs in magnitude 
than r, the denominator of one of the terms muſt be- 
come =o, in which caſe the fluent of that term fails ; ; 
for in the fluxion it was of this form , which by 
Art. 38. admits of no fluent by the rule here given; 
it may however be found by anne as will be 
n in Art. 45. | 
3% The given fluxion, by reduction, becomes 


a +0" Xx dz e; hence if ander be both 


fractions, but ſuch that +7 may be a whole negative 


number, the fluent can always be found. This will 


appear, by transforming the fluxion as before; and 
the ſeries will always terminate ; nor can any of the 
denominators of the terms of the fluent become equal 
to nothing, ſo as to make the fluent of ſuch term to 


fail. 


TO FIND FLUENTS BY LOGARITHMS. 


42. The property of logarithms, or their relation 
to natural numbers, as has been already explained in 
Algebra, 1s this, that as the natural numbers increaſe 
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in geometric progreſſion, their logarithms increaſe in 
arithmetic progreſſion. | 

43. Let @ increaſe till it becomes 5, c.. . . m,n, o, 
&c. and ſuppoſe a: ::b :c:: &c. :: M :: &c. then 
2: M :: 2-5: m-; now a—b is the increment of 
a, and m—1 is the increment of m; hence @ : m: 
the increment of @ : the increment of n; and as this 
is true in every ſtate of the increments, if we make 
them vaniſh, we have 4: m in the limiting ratio of the 
increment of à to the increment of m, that is, as the 
fluxion of @ : the fluxion of m, by Art. 7. 

44. Let y be any number, and it's logarithm ; then 
if x increaſe uniformly, or if x be conſtant, y will in- 
creaſe in geometric progreſſion, therefore, by the laſt 


article, y varies as , . is conſtant; hence 1 15 con- 


ſtant; put therefore = =M, and we have & = MX 


5 ; thatis, the fluxion of any logarithm is equal to a con- 


fant quantity multiplied into the fluxion of the number 
divided by the number. The quantity AM is called the 
nodulus of the ſyſtem, and may be aſſumed of any value. 

It M= f, the logarithms are called -Ayperbolic, be- 
cauſe the ſame logarithms may be deduced from the 
hyperbola, as will appear hereafter. In this caſe 
* 2. 
1 

PROP. XVII. 

To find the fluent of a fluxion, which is the fluxion of 
any quantity (/ divided by that quantity , or in a 
given ratio to it. 


| Put 


PET PEO ICT YOURE YN FS. VS EO INTE r 9 * 
> 
_ - 


Rnd is 


" TO FIND FLUENTS BY LOGARITHMS. 
45. Put x = the hyperbolic logarithm. of y, then by 
Art. 44. 7 &, and the fluent of 1 is x. And as 


, although here a ſimple quantity, may repreſent 
any compound quantity whatever, and y it's flux- 
ion, it is manifeſt, that when any fluxional expreſ- 
ſion appears to be the fluxion of a quantity divided 
by the quantity itſelf, it's fluent will be the Mpet- 


bolic logarithm of that quantity. 
N e 


Ex. 1. The fluent * —— 1 5 the b. 1. (hyperbolic 


f 


logarithm) of x==a. 


Ex. 2: The fluent of - e 18 che h. . a 5 


2 2 Z is che h. J. x= 5 in 
| Theſe fluents are obvious, the given fluxion being 
manifeſtly the fluxion of the quantity divided by the 
quantity, tor the numerator 1s the fluxion of the de- 


nominator. 


Ex. 4. The fluent of 


Ex. 3. The fluent of = 


FEES ® the h. 1. of 


I ＋ VN . 


For. put © = & u, then U, „: bn 


Y: x, and x+vV:v:;:xXx+V:X, hence — 


S x +V 
therefore the fluent of ——, or of = 
x +4 wir * Verba 


is dhe b. I. C TSS b. l. TV. 
Ex. 5. The fluent of — 2 - is the h. 1. 


— — 
r r ny 4 — — — 2 


8: : avs 2 
'xza+y/ x*=2ax. 


+ oy tb 0 


- 3 
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For put V ar =y, then x*=2ax + = + 


b 3 4 
, and x==a= + of „hence & -, conſe- 
= Ha . 


3 7 = = + whoſe fluent, by the 


laſt article, is h. 1. + af = h. k 
x=a+ Var | 
Ex. 6. The fluent of -- — 


24 x — * ; 
ö mal fluent is the 


+ x 


= is the h. E | 
a—x 


For 
a* — x* ae 2 — * 


h. 1. . I. a— 4 — * = h. . . as ns the 


Algebra, Art. 388. In like manner, the fluent of 


24x 42 — 
h. 1. 


5 IS ax" 
Ex. 7. The fluent of ——.— 1s the h. l. 
| xa =x | 
a= o'=x 
4 Ha = Tr 
For put VA _ then 4 N 3 
24 2.4) 245 22. 


— 0 £4 — tha e 


hose lo, is B. 1 8. 
whoſe fluent, by the ede is h. L — h.. 


a= — 
a+ V a*=x* EE | ” 
Theſe are the moſt uſeful fins of fluxions whoſe 
fluents can be found by a table of hyperbolic loga- 
rithms ; which table may be ſupplied, by multiplying 


the — found from che common tables by 
2, 30258509, 
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2, 302 58 509, which will give the correſponding 8 
bolic logarithm. 


Example: The fluent of 5 — > Is the * If «7 1 1 Te; if 


=1, the fluent is the h. L 5 , 693147; if æ = 
the fluent is the h. I. of 5 1, 6094379. 


T0 FIND FLUENTS BY CIRCULAR 
ARCS. 


PROP. XVIII. | 
The length of a circular arc for every degree, minute 
and ſecond, to radius = 1, being given, to find from thence 
certain flnents. | 


46. Let AD be a circular arc whoſe center is C, 
AT it's tangent, DB it's ſine; draw ms parallel to 
BD meeting the ne Ds in , and Du parallel 
to Bm. 

Put CDS a, AB x, BD =y, AD=2; AT =, CT 
=5; then by Art. 23. Ds=2, Dn=#, ns=y. Now 
the triangles CBD, 5nD are ſimilar, for they are right 
angled at B and u, and the angle Du CDR, _— 


zDC is the complement to each. Hence y: a:: x. 
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24 2 : = Again, by ſim. triangles CAT, 


CBD, C 4 CA 75 a : CB=>,  AB= 


A. 
42 — , Whoſe fluxion BM or Dn==; hence, from 
D 
71 


the ſim. trian. Den, CAT, Vfg. (AT) :5:: — : 


1 | RT 1 

—. Laſtly, V4 =t, . , 

PR 

_— - 
ion of the arc AD, or 2, is expreſſed under four dif- 
ferent forms in terms of the right fine, verſed fine, 
tangent and ſecant; conſequently the fluent of each 
of theſe fluxions will be expreſſed by z. Hence 


Hence the flux- 


* Fluent of MT. is A CIr. arc whoſe rad. 1s 
" hd A 
2 and line y. 


ax | . - id 
2* Fluent of is A CIT. arc whoſe rad. is 
2.4x * | 


a and verſed ſine x, 


3 Fluent 


5 
42 
arm * N 
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/ 4.8 


3 Fluent of 22 is 4 Cir. arc whoſe rad. is 4 


and tangent r. 


as | | | | 
4* Fluent of- is a cir, arc whoſe rad. is 4 


Aa 


and ſecant 5. 

Hence by a table exhibits the length of circular 
arcs for all degrees. &c. of the quadrant to. radius 
unity, if theſe arcs be multiplied by a we ſhall have 
their lengths to the radius a. For example, what is 


8 02 
the fluent of a, when y 1s the fine of 302 The 
length of an arc of 3o* to radius 1 is o, 5235987; hence 
the length of the arc to radius a is aX o, 523 5987, the 
fluent required. Thus the fluents of all fluxions under 


any of theſe forms may be found. 


47. A fluent can have but one fluxion, but a 


fuxion may have an infinite number of fluents ; 
thus the fluent of x is x, or x, whatever be the va- 
lue of the conſtant part a. By Prop. 4. in taking the 
fluxion of a binomial, the conſtant part goes out, and 
therefore when the fluent 1s taken back again, that con- 
{tant part does not appear. Now to determine in any 
particular caſe what this conſtant part is to be, or 
whether any ſuch a quantity is to be annexed, conſider 
whether the fluent firſt taken becomes equal to no- 
thing, or ofa known value, at the time it ought ; if it 
do, it requires no conſtant quantity to be added; if 
it do not, ſuch a quantity muſt be annexed to it, as 
will make it become equal to nothing, or to it's pro- 

per value. This is called the correction of a fluent. 
48. Although the fluxion of a quantity be relative, 
that 


tl 
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that is, if x denote the fluxion of x, then will ax%—"x 
be the fluxion of *, where x. may be aſſumed of any 
magnitude, yet the fluents are not at all affected by 
varying &, the fluents of theſe quantities x and 
na- being » and , whatever be the value of 
x, Hence of whatever magnitude we aſſume the 
fluxion of any quantity, the fluent will always give 
the quantity generated. In the following Problems 
therefore, the fluxion of the area, ſolid, curve line or 
ſurface, may be aſſumed of any magnitude, and the 
fluent (corrected if neceſſary) wil give the quantity 
which has been generated. 
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TO FIND THE AREAS OF CURVES. 


Prop. XIX. | 
O find the area ABC of any curve, whoſe ordinate 
BC is perpendicular to the abſciſſa AB. 


49. Let ABC be any curvilinear area generated 
by the uniform motion of the ordinate BC; 
on AB, BC deſcribe the parallelogram AB CD, 


and conceive this to have been generated by 
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the fame uniform motion of a line equal and 
parallel to AD ; draw bm parallel to BC, and com- 


plete 
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| plete the parallelogram Bbmy, and produce DC to c. 
Then AD being conſtant whilſt BC varies, the next 
increment of the parallelogram is BCrb, and the 
cotemporary increment of the area ABC is BC; 
hence the ratio of the increment BCcb of the paral- 
lelogram to the cotemporary increment BCmb of the 
area ABC, is always nearer to a ratio of equality, than 
BCcb: Bumb, or nearet than BC: In; now let þm move 
up to and coincide with BC, in order to obtain the 
iiting ratio of the increments, and we get the limit. 
n ratio of BC : bm, a ratio of equality; hence, a 
fortiori, the /imiting ratio of the increment B Ch of the 
parallelogram to the cotemporary increment BCmb of 
the area ABC, is a ratio of equality; therefore by 
Prop 2. Cor. 1. the fluxion of the parallelogram 
ABCD is equal to the fluxion of the area ABC; but 
BCcb being the increment of the parallelogram uni- 
formly generated, will repreſent it's fluxion, by Prop. 
1. hence the fluxion of the area of the curve ABC 
will be repreſented by BCcb, the cotemporary flux- 
ion of the abſciſſa AB being Bb. Hence if AB=x, 
4 BC=y, Bb=x, and A= the area ABC, then will 
= 41=BCb= = 3 ; the fluent of which (CN if 
= neceſſary) gives A. 
Cor. Hence the fluxion of any area, generated by 
the motion of a ſtraight line in a direction perpendicu- 
lar to itſelf, is as the length of the generating line 
and it's velocity conjointly. And as a curve line 
moving in a direction perpendicular to itſelf muſt 
deſcribe the ſame area as a ſtraight line of the ſame 
Vol. II, E length 


7 
IF 
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length moving with the ſame velocity, the fluxion of 
the ſurface. generated by a curve line, ſo moving, muſt 
be as it's length and velocity conjointly. | 


Examples. 
Ex. 1. Let FC'be any parabola 3 to find it's area. 
Here ax ; hence ax =ny*""'y, and 22. 


* 4 4 hoſe fl OY Os VF e «an 
CK = , whole fluent (Ar.37.) Ty roo 
* 


11 RY 


(C being the correction if neceſſary) = 
F | 0 EEE” 7 
+C=——XXy+C; now when Ao, 0 
: a ; E , 
=0; hence A i If n 2, it becomes the 


common parabola, and the area 0. If #=1 * 


the figure becomes a triangle, and the area 759. | 


Ex. 2. To find the area of a circle, whole radius is 
unity. 
Loet A be the center of the circle; draw BC, AP, 
perpendicular to M, and join AC, Put AC=1, AB 


S, 13 then 2 +5" =1, DE = „ 


2 
= 2 ox 4 , B+; 
ia Dre. (Ar. 34. N h 

** 

16 


* Ifa=r, ax=y, and &: :: 1: a, that is, in a conſtant 
ratio, which is the caſe when AC 1s a ſtraight line, becauſe the 
triangle ABC continues always ſunilar to itlelf, 
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— — —- 2— — &c. the. fluxion of the area 


* | 5 x* ** 


- BAPG;: whale finent N Lal Tod © 


8 1 


cis — —&c.+C; now when x =o, A=o, . C=0; 
1152 


hence this is the value of 4. Now if the arc PC 


go", X= =; hence the area ABCP=0,5 —0,0208333 


— 0,0007812 — - 0,0000698 — — 0,000008 5; — 0,00000 12 


— &c. o, 4783055. Now wx=Lj=w/ : there- 


fore the area of the triangle acB * * 2 


0, 2165063, which ſubtracted from o, 4783055 5 
, 2617992 the area of the ſector ACP; which multi- 
plied by 12 gives 3, 14159 &c. for the area of the 
whole circle. 

Cor. If r = radius of any circle, a= it's area; then, ſince 
all circles are as the ſquares of their radi, 1* : 7* :: 
3,14159 &c. : a=3,14159 &c.Xr', If d the dia- 


d a 
meter, then r=, and als a” hence a=3,14159 


Kee, X —=0,78539 &c. X ds. | 
* | Ex. 3. 
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Ex. 3. To find the area of an hyperbola between 
the aſymptotes AP, AM and the curve. 


Put AB=x, BC=y; then „A- and the flux- 


jon of the area APC B = A, whoſe 


x 
P| \P 
5 
Ne | 
do en 
1 M 


fluent 1s A== =+-C. 


- 7] 


Caſe 1. If u be Jeſs than unity, when A=0o, 
& = O, . 5 hence C=0o ; therefore the area 


os DS” os : 5 
APCB, infinite in extent, is _—_ finite quantity 
when x is finite. 

Cale 2. If » be greater than unity, the index 1=x 
being negative, x will come into the denominator, 


| 
X C=- 
— 


and the fluent will become 4= 


I 


2 +C; now when A=o, x =o, conſequently 


C= 


. 
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. 1 Os 4 | 
C= is infinite, becauſe the denominator 
A— I X "as if 1 | 


becomes So; therefore the area APCB= - : 
A= 


+C is ange Whenever there is a negative index, 
the quantity muſt always be transferred from the nu- 
merator to the denominator, or the contrary, before 
it's value, in any particular caſe, can be found. 

Caſe 3. In reſpect to the area B CM, as this area 
decreaſes by the ſame quantity that ABCP increaſes, it 
will have the ſame fluxion, only with a contrary ſign, 
by Art. 16. hence the fluent will be the ſame with 


the ſign changed, that is B CM e If » be 


8 n e JETTY DE RE FOR GS I TROE 10” ET - . Oy = ay = r 8 : +>: hx . 4 . 
. D ern p r 93 7 * od p Rt er Sad dirt i. ** 2 2 ys * : ———_ 
= — r 1 p 1 * by NS. + * wot Mea n 0 q — coma 
oo. 8 7 ' 66th 22 Cay he o PEEP —— : 
2 2 1 1 : A | . b ln ER at n LJ ob N e 


r bon 
— 


greater than unity, BCM — m +C; and when 


| 1121. 


S ' | 
13 a 2 N I ew ” MAT Af (hd a 1 8 
3 I RY 6 ” 
7e LE SI 


N * = »; * C vl . oy * 
Ng 2 n F 2 * er een ey or ED _- 


COW 


x 15 infinite, BC M So; hence o = . . and 


221 


* re 
CO > Footage 


3 1 
therefore C= — == —=0, x being infinite; con- 


e a” 


I 
ſequently BCM = — 


Caſe 4. If u be Je than unity, and x become 


renn 


r 
e 


n 
. — 5 3d 


to tents wr: 


„an infinite quantity; hence the 


3 * 
infinite, C= a 


— — 


area BC M= — * is infinite. 


Caſe 5. If 1 = 1, this fluent fails (Article 38.), 
and the hyperbola becomes the common hyper- 
bola Let 4B=BC=1, BR=x, RS=y, then AR 

E 3 . =1 


7-552 
42 pL 
128 8 
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=1+x, and y= — z therefore the fluxion of the 


area BCSR = N whoſe fluent, by Art. 45. is the : 

. 1. I Tx, which wants no correction, becauſe when 5 

xX=0, the area BC RSS o, and the fluent becomes the 0 

h. I. 1 which =o. Hence it appears, that any area i 

BCSR is the h. I. of the abſciſſa AR. The modulus is B 

here unity. | tl 
Ex. 4. Let MC. D be the n curve; to 

find it's area. 

The property of the curve is this, that if the abſciſſa 
AB increaſe in arithmetical progreſſion, the ordinate BD 
will increaſe in geometrical progreſſion ; . if x= AB, 

ti 

cl 

al 

4 — . 

F þ 

t! 

8 0 

5 DD, a=AC, then by Art. 44. M= 7 which (by ci 


| Article 23.) is the ſubtangent AT; hence A = 
| yx=My, whoſe fluent is A=M y+C; but when 
y=a, A=o, .. o Mar C, and C. Ma; con- 
ſequently ABDC= My—Ma= AT Xx BD—AC. 
Hence the whole area DMB ATX BD, becauſe at 
an infinite diſtance A C=0o. 
Ex. 5. To find the area of the cycloid ABC. 
Let BD be the axis, on which deſcribe the circle 


Bu Do, 


Bu Du, draw rnyz _L BD, and yv a tangent at , 
and draw yt, vs _F'B, and vmg parallel to yr, and 
mn to gr, and join By.* Now by the property of the 
cycloid, the triangles Byx, y2v. are ſimilar ; hence 
Br, orty, : rn: : zu, or rq, : zy, . ru XY iy x zy, 
or CQ #rqm=CIstyz, that is, by Art. 49. the flux- 
ion of the circular area Byr= the fluxion of the area 
Btry; and as theſe areas begin together at B, and 
their cotemporary fluxions are always equal, the quan- 


* 
- 2 
Fi 24.5 468 3 2 * Q 8 : e _— EEE nm * FR” E 


C 


A 5 


tities generated are equal; hence the area Bry the 
circular area Bur; bring therefore yr down to AD, 
and we have the whole area BFA= the ſemicircle 
Bu DD; hence BFA+BEC= the whole circle BaDw. 
Now the parallelogram AFEC=ACX BD= (from 
the nature of the cycloid) circum. BND & BD= 
(by Art. 51. Ex. 3.) four times the area of the whole 
circle ; hence ABC= three tunes the whole circle. 


* The Reader is requeſted to ſupply the lines B u, vn. 


ro Fru THE AREAS OF CURVES, 8 71. 


\ 
CE 

F 

LY 
* 
"3 


8 
Sf * 


2 


EEC 2 
. ie 2 ph RS 


Þ+ 
* 
"8 
© F% 
bY 
15 
> 
* 


. 


n - 
a res > - 


La 


- VS b 
= a2 


72 ro FIND THE AREAS or SPIRALS. 
TO FIND THE AREAS OF SPIRALS. 


Proy. XX. 
To find the area SWC of a Spiral. 


50. Let SICK be a ſpiral, generated by the uniform 
angular motion of SC about S; SC any ordinate ; with 


the center & deſcribe the circular arc XCZ; draw 


any other ordinate Sv, and with the center & deſcribe 
the circular arc yw meeting SC produced in v. Now 
conceive the ſector SA C ta have been generated by the 


uniform angular motion of it's radius about , at the 


ſame time that the area SC of the ſpiral was generated 
by the ſame uniform angular motion, of SC about 
S. Then S being conſtant whilſt SC varies, the in- 
crement of the ſector S XC is the ſector S Cn, and 


the cotemporary increment of the area S VC of the ſpiral 


is SCv; hence the ratio of the increment SC of the 
ſector SA C to the cotemporary increment S Cv of the 
| area 
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area SC, is always nearer to a ratio of equality, than 
SCn : Swo, or nearer than SC“: Sy*; * now let Sv 
move up to and coincide with SC, in order to obtain 
the limiting ratio of the increments, and we get the /imit- 
ing ratio of SC“: Sv, a ratio of equality; hence, a fortiori, 
the limiting ratio of the increment SC# to the increment 
SCv, is a ratio of equality; therefore by Prop. 2. Cor. 
1. the fluxion of the area of the ſector S A C is equal to 
the fluxion of the area 8 C of the ſpiral ; but SCx 
being the increment of the ſector S C uniformly gene- 
rated, will repreſent it's fluxion, by Prop. 1. hence the 
fluxion of the area 8 C of the ſpiral will be repre- 
ſented by CS. - | 
51. Put SC=y, the length of the curve SMC x, 
XC x, Cu &, A= the area SH/C; then the ſector 


SCn A „whoſe fluent is the area SWC. Let C 
be a tangent at C, and S perpendicular to CY; 


draw CE A. S C, and 5E parallel to SC; and with the 

center $ and any radius $A deſcribe a circular arc AL. 
Put Aa, Ao=w, oz = , CY =t, SY=r, Then 
by Art. 31. Cx, E, CE=x; and as the tri- 


„That fimilar ſectors are as the ſquares of the radii, appears 
from Euclid, B. XII. p. 2+ and B. VI. p. 334 
angles 
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74 
angles CEs, CST are ſimilar, „ 4, hence 


Bent ali Ch dr ery re re Ee” A IN * 
— s * —— rn * * 4 N 
. 2 =... > > -. EE * 


4 de 
1 Sc 2 = 7 A. Alſo by ſimilar ſectors 1 2 SCn, wn 
Fz LD = 2. Theſe th 
b en Pe | to 
E different © Wy of ths fluxion of the area, are to 
1 be uſed as may be convenient. 8. 
6 Examples. 4 
Ex. 1. 1 SW 0 be the logarithmic ſpiral; - to find 7 
it's area. — 
Here r : ? in a conſtant ratio, as m: #; hence 4 = 
m9 254 whoſe fluent 1 is A= === . but 3 y=0, 
** 
A=o, . Co; conſequently A= | 
Ex. 2. Let SV be the ſpiral of i z to 
find 1t's area. 
Here y: :: M: u, or in a conſtant ratio; .=, 
ES BE . 
conſequently 4 — = 27, whoſe fluent is A= 1 
2a 2ma | 6ma 
+C ; but when y=0, A=o, „Cs; hence A= 6e 7 


Ex. 3. Let the ſpiral be a circle; to find Y * 
Here ꝙ is conſtant, and the fluent of 4 = is A 


== the area of the pag whoſe arc is x; hence if 


« | FS 1 C 
x= the circumference c, the area of the circle — : 


Ex.. 4. 


9 enn r — 9 — — — — — =D — n : n ETD - — — — = — — N 4 N 
— on oro Nog regs ESR ini ate 5 5 * . . . So 7 oe HOOP Fo EE los ER i FE be LE — .. io et ops ok arti + FOES SET OE OO OT. > le Ye pen 
_ 2 © a 7 * — 2 a 8 , * 5 r 
$ ; 
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Ex. 4. Let AC be the involute of the circle AD, 
deſeribec by the extremity C of a ſtring unwinding 
itſelf from the circle; to find it's area. 
It is manifeſt that DC muſt be perpendicular to 
the curve, or to it's tangent CY, and as SD is alſo 1. 
to CD, and SY to C, DC is a parallelogram, and 


SD= = CY =r, ome 1 FO . 3 


8 
= = F 2 „ Whoſe fluent, by Art. 39. is A 


N 4 
„ C; but when y SC becomes r CS, 
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then A, or SAC, is =o, and y' -F =o, hence C=0; . 
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TO FIND THE CONTENT OF SOLIDS. 


' Proe, XXI. 
To find the content of a | ſolid generated by the rotation 


of a_ curve about it's axis, or by the motion of a Te pa- 


rallel zo Uſe If. 


52. Let the ſolid ACD be conceived to be gene- 


rated by the uniform motion of the circle CD, begin- 
ning at A and increaſing in magnitude, having it's 
plane always perpendicular to AB, and its center in 


that line. Circumſcribe this ſolid by the cylinder 


MLC D, conceived alſo to be generated at the fame 
time by the ſame uniform motion of a circle. Then 
A being conſtant whilſt BC varies, let the circle 
CD move on to mp, and the ſolid CmpD generated will 
be the increment of ACD; ſuppoſe alſo the circle CD to 


move on to cd in the ſame time without increaſing, and 
it 
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it will generate the cotemporary increment CDdc of 
the cylinder; produce CD to # and ps meeting mn and 
pq drawn parallel to Bb. Then the ratio of the increment 


CDac of the cylinder to the cotemporary increment 
CDpm of the ſolid ACB, is always nearer to a ratio of 


equality, than the cylinder CDa: : the cylinder mngp, 


or nearer than BC“: Ini. Now let the circle mp move 


up to and coincide with CD, in order to obtain the 
limiting ratio of the increments, and we get the Jmitins 
ratio of BC* : Im, a ratio of equality; hence, a for- 
tiori, the limiting ratio of the increment CDdc of the 
cylinder to the cotemporary increment CDpm of the 
ſolid AC D, is a ratio of equality; therefore by Prop. 
2. Cor. 1. the fluxion of the cylinder MLCD is 
equal to the fluxion of the ſolid ACD; but CDadc be- 
ing the increment of the cylinder uniformiy generated, 
will repreſent it's fluxion, by Prop. 1. hence the flux- 
ion of the ſolid ACD will be repreſented' by CDdc, 
the cotemporary fluxion of AB being Bb. Put there- 
fore x= AB, y=BC, x=Bb, S= the ſolid ACD, 
Þ=3,14159 &c. then (Art. 49. Ex. 2. Cor.) py*= the 
area of the circle CBD; hence the cylinder CDdc = 
PN; therefore $= the fluent of py*x, corrected 
if eee 

The ſame reaſoning will manifeſtly hold, if the gene- 
rating plane be any other figure, and continues always 
parallel and ſimilar to itſelf. The fluxion therefore of a 
lolid thus generated, will be always expreſſed by the 
area of the generating plane and it's velocity con- 
Jointly, 


Examples, 


2 r £ e mn 8 * * IE" a 
E mode 2 . Be A . „ THE ng» — 
K d N REN . r n 


b > AE» 


property of the ellipſe, 4: S:: 2ax—x* : * = =X 


Fl 
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N 1. Let AC be a ſolid — by the revo- 


lution of way panels woot is s axis. 


Here ar y; | hence | | * 


„ 875 


— yr ET whoſe fluent i is 35 af 22. +C * r 


xL+c= A Xe e but when K $=0, 


Se =o; bence xi. If 125 the ſolid 


N the common Paraboloid, and 1t's content = 


=p w== cylinder LCDM. 11 1=1, the curve be- 
comes a nua * and the ſolid a cone, and it's 


content = 2 278 - cylinder LCDM. 


Ex. 2. Let 4 be a ſolid generated by the re- 
volution of an ellipſe A PE9 about it's axis AE. 
Put AB=x, BC=y, AO=a, PO=b; then by the 


2 


2 
2 ax -; hence S = py*x b X2axx—x*x, whole 


fluent 
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guent 18 SEE aw s but when XK O, 


Ss, . hence 5 erde, 5 is che 


ſolid content of ACD ; and to get the whole ſolid, 
we muſt muſt make AB become AE, or make K 2a 


| hence the whole folid = N 40 1 22 2 


If the the ellipſe revolve about P inſtead of AE, 
then, as the ſame property of the curve holds for each 


axis, the ſolid will be 25 5 hence the ſolid gene- 


rated about AE: ſolid about P:: ——ç 4 . 3 


3 
:: PA: AE. If Ya, the ellipſe 4 PE becomes 
a circle, and the ſolid a ſphere, and the content be- 


comes 4 24, 18879. Now the content of a 


cylinder cirvenitibing the ſphere = the area of it's 
end multiplied by it's length = (as the radius of the 
end b, and length = 2b) pf 2b 2p; hence the 
ſphere : cylinder :: : 2 :: 2: 3. 
Ex. 3. To find the content of the ſolid generated 
by the Ciſſoid of Diocles about it's axis, 
N 3 


The equation of this curve is y* = — „ (Al. 


Art. 426.); hence S = py**x = = — 2 
(by diviſion) PN N — paxXk pa —.— - now 


the fluent of all the terms, except the laſt, is found 
by Art, 37. and the fluent of the laſt by Art. 


45. 
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45. hence the fluent is S f pri pax* — PAN le 
p X -h. l. Tg, C; now when K o, S=0, . b ht 
* h. I. 2+C=o, and C=pa*Xxh.1. a; hence S 

2 5 pe 
— zr par pa p — h. l. a & p x h. I. of 
8 1 8 1 So Rs 4 | Bd 
= ag Par pdf pd X h. J. * becauſe 

b. I. -h. IL. 2 h. 1 — by the nature of Lo- 

| -x 
garithms, as explained in the Algebra, Art. 388. 

Ex. 4. To find the content of the ſolid generated 
by the Jogarithmic curve ABDC revolving about AB. 

Here yx = My, by Art. 49, Ex.4. . SS HN = Mpyy, 
whole fluent is S am 7 + C; but when y=a, S=0, plat 
| | the 

4.0% 

hen 

mak 

If 

. oP two 

4 e +C, and 23 hence 5 leren 

| ner, 


If AC=a=o, then $=2 = the whole ſolid 


correſponding to the abſciſſa B M. 
Ex. 5. Let LAO be a ſolid called a Groin, gene- 


rated by a ſquare vwxz moving parallel to itſelf ; and 
let 
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ſite ſides be a ſemicircle. 

Put a= AE, AR, y=BC; then by the pro- 
perty of the circle, y=/2ax—*, therefore the ſide 
of the ſquare vwxz=24/ 2ax—x*, hence the area 


0 AX Zar, which being the generating 
plane, it anſwers to py* in the other caſes, and 


therefore & =4X 2 axx—x*X, whoſe fluent is S 


ax 3. Cr but when x=0, SS, 0 
hence S = 4 ax* — 35 the ſolid Avwxz; and if we 


| 3 | | 
make „ =, the whole folid ALN. 


If the ſection FAG be any other figure; or if the 
two ſections through the two oppoſite ſides be of dif- 


terent figures, the content may be found in like man- 
ner. | 


Vor. II. | F TO 
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let the ſection FAG through the middle of the oppo- 
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TO FIND THE LENGTHS OF CURVES. 


Proe. XXII. 
To find the length of a curve line AC, whoſe ordinate 
BC is perpendicular to the abſciſſa AB. ES 


53. Put AB=x, BC=y, AC=2z; then if Cs be a 
tangent to the curve, CE L BC, and EL CE, we 
* by Art. 27. CE=x, sE=y, Cs=8; and by 


A 8 by 


Euclid, B. I. p. 47. AH, . = FTP, 
whoſe fluent is 2. | 


Examples. 


Ex. 1. Let AC be a ſemi-cubical parabola, whole 
equation is ax*=y*; to find it's length. 


3 20 
Here 8 N= oY. ax 2 9) hence 81 
Az 242 44 
2 NA 29 * Nerz a Nee i 
4 2 4² 
whoſe fluent, by Art. 39. is N +C ; now 
2742 
when 
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when y=0, 3 o, in which caſe this equation becomes 
839%ͤ7U LOT _9)Y+4at Ba 
” 274 27 
Ex. 2. Let ByA be a cycloid ; to find it's length. 
Put BD=a, Br=x, By z, yu =S, y rg N; 
then by the prop. of the circle, Br: Bu :: Bu: BD, 


Bu ND x Br ar, and Bu=a*x*;andby theprop. 
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of the cycloid, x (Br) 22 Bu) :: x (yx) : Z (oy) 


OEXEX 5 y 33 
% ; hence 2=24*X*+C; but when 


. XE X 
* = o, x O, & C=0; conſequently 2 42a = 


2 Bu. 


Ex. 3. Let AC be the common parabola; to find i 
it's length. | 4 
Here ax =, ©. $=2Z=(if © ==) =; hence K 3 


LF 4 jo =! _ 132 * 2 nf. = (by multi- | 4 


plying numerator and denominator by y & y*+ Fx 


F 2 
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1 Pj+85) _ 1, 2yj+20yj _ 1, 29j+by 

b N * * r x . = * 

— 5 N (by dividing the num. and den. of the 
y*+ $.2\= | 


laſt term by 3) 2 +8*y*\ ? = ov TESTS 


J. a 
Ford now the fluent of the firſt term 18 : - X 


Ni, by Art. 40. and the fluent of the laſt term 


1s % ch. I. ＋ TN! „by Art. 45. Ex. 4. hence 2 


5 * DN P X k. I. I++ + C; now 
when y = o, Z=0o, in which caſe the equation is o =-þ 


h. 1. 3 hence 3. h. I. 2; and as the dif- 


ference of theſe 3 is, from the nature of 
logarithms, the h. 1. of the former divided by the 


latter, therefore 2 = — 9" + 6 + 5 2 X h. l. 
— 


"= 4. To find the length of a circular arc. 


By Art. 46. 2 = (by diviſion) LE. 
Ot ff ; | 7 75 #7 
= —+&c. . W ＋ 75 — * 
b- +C; but when t=0, 2 be „. C=0; hence 2 
vl * 5% &c. Now if a=1, and 4 


bs” , 
£50 
5 
ad 
E's + a 


2 be 


— 
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z be an arc of 30°; then = A. 2, 6773 50a, which 


being ſubſtituted for 7, if we take 12 terms of this 
ſeries, we get x o, 523598), the lengh of an arc of 3053 
which multiplied by 12 gives 6, 2831804 &c. for the 
length of the circumference of a circle whoſe radius is 
unity. 5 | | 

If we take the arc 2z=45*, then will Fa; hence 


1 1 1 
2 a XI— ET - — - + &c, 
_—_— 
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| Prop. XXIII. 
To find the length of a ſpiral S C. 


54. Let the ordinate SC= y, the curve SC=2, CY 
=7 ; then, by Art. 31. Cs=2, Es=y; and by ſim. 


| triangles, 1: % :: y : 2, whoſe fluent is 2. 
. Examples 
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* 


Examples. . 


EX; 1. Let SC be the logarithmic {piral ; to find 
it's length. EY 


n 
Here 7: :: M: u, a conſtant ratio; hence: 25 3 


hd 


Ss and z==+C; _ when yo, RE C=0; 


conſequently 2 = 7 =; therefore CE iGo: 
the length of the curve. | | 
Ex. 2. Let i it be the {piral of Archimedes ; ; to find 


it's length. 


5 : 
2 =; ence T. 


vVY* +6 


being the ſame as the fluxion of the length of the para- 


ByArt. 32. Ex. 1. i= 


bolic arc by Art. 53. Ex. * 4 N . - -b x 


1 2. WE — 
Ex. 3. Let AC be the involutle of a circle; to find 
it's length. 3 
Here # is conſtant, by Art. 51. ** 4. hence 2 


L EC; but when 2= So, t, „oc. and C= 
* : * — 5 28 a 


10 
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TO' FIND THE SURFACES OF SOLIDS. 


Proye. XXIV. 

To And the ſurface of a ſolid generated by the rotation 
of a curve about it's axis, or by the motion M a plane * 
rallel to it ſelſ. 

55. Conceiving the ſolid A FH to be generated as 
in Art. 52. by the circle CD, the ſurface may be con- 
ſidered as generated by the periphery of the circle; 
the fluxion therefore of the ſurface will be the peri- 
phery of the circle multiplied by the velocity with 
which it flows, by Cor. Art. 49. But the velocity with 
which any point C of the periphery flows is the vele- 


H 


city with which AC increaſes at the point C, or it is 
Z, putting AC=z. Hence if we put AB &, BC=y, 
2 =, 28318 &c. the circumference of a circle whoſe 
radius = 1 (Art. 53. Ex. 4.), S= the ſurface ACD; then 
1: :: p: py the circumference of the circle CD; 
therefore Spy the fluxion of the ſurface; conſe- 
quently the fluent of þyS (corrected if negeſfary) will 
be the ſurface. 


F 4 This 
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This method of finding the fluxion of che furfac 
of a ſolid may be further illuſtrated thus. 

-Let ACF be protended into a ſtraight line, and 1 
an ordinate perpendicular to it, and always equal to 
the periphery of the circle CD, move from A to F with 
the ſame velocity as the point C, upon the ſolid, moves; 
then it is manifeſt, that the area generated by this or- 
dinate muſt always be equal to the area generated by 
the periphery of the circle, the generating lines and 
their velocities being always equal, and both moving 
in directions perpendicular to themſelves ; hence the 
fluxion of the ſurface ACD = the fluxion of the area of 
this curve = (by Art. 49.) the ordinate multiplied by 
the fluxion of the abſciſſa = the periphery of the circle 
CD multiplied by the fluxion of the curve AC. 


Examples. 


Ex. 1. Let ADFC be a ſphere whoſe center is O; 


to find it's ſurface. 
Let Cs be a tangent at C, Em parallel to BC, and 


CE to Bm; then if AB x, BC=y, AC =, by Art. 


23. Cs=2, CE=x; and by ſimilar triangles CEs, 


CBO, Z;X::a:y, . y8=ax; hence S p = pax, 
3 | the 
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the fluxion of the ſurface DAC, whoſe fluent $= pax 
+C; but when x o, SS, . C=0; hence S=pax 
the ſurface DAC. If we make AB equal to AE, or 
X=2a, we have 2pa* for the whole ſurface of the 
ſphere. Now if we conceive ADFC to be a great 


ircle f th ſphere, it _—_ - ; 
circle of the ſphere, it's area = P, by Art. 49. 


Ex. 2. Cor. Hence the whole ſurface of a ſphere is equal 
to four times the area of a great circle of that ſphere. 
Cor. As the ſurface DAC=pax, it varies as x. 
Ex. 2. Let the ſolid A FH be generated by the 
common parabola; to find it's furface. 


Here ax =, hence N. and x . — 
„ : 
(Prop. 22.) 28*=x*+y = 3-45" = 
Ay +a . 
HE x Y*, and 2 = 2 —— * hence & = p 


. Ta En, 
Fa 4 2 „ Whoſe fluent, by Art. 39. is S= 


a 
7 | . . 
PX4Y +a +C; now when Ye, ASG which 

124 | | 


8 ? : a? . 
caſe the equation becomes 0 SIO : hence C= 


n 
pe therefore S 5 . 
13 I24 12 


Ex. 3. Let AL N be a groin, as in Art. 52. Ex. 5. 


to find it's ſurface. 
Put AB = = BC=y,AC=2; and we _— 46. _ 
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is the line generating one of the four ſutfaces ; 
hence 8 V2 = x* anſwers to py in the other caſes ; 
therefore if $ be the ſurface Aux, S =8ax, and S= 
8ax-+-C; but when K O, S So, 5 C So; conſe. 
quently S=8ax; and when x =, S=847. 

Ex. 4. To find the ſurface generated by the eycloi- 
dal curve BA about it's baſe DA. 

Put By=2, Br=x,rD =yC=y, BD=a; then, by 


Art. 53. Ex. 2. 2= * I 53 = pyZ= prof *x PN 


vs 


a—X N a*x *X=pa*x *X—pa*x*X; hence S 


224 | | 
2 pPa* X* * + bes but when X =O, S= = A 
1 


o hence 'S = 25 rz pax, *, the ſurface 
generated by By; and when xa, we have i= 


WM, the whole ſurface generated by BA. 


SECTION 


SECTION Y, 


% 


ON THE CENTER OF GRAVITY. 


56. If there be any number of bodies A, B, C,and 


— * 


G be their center of gravity; and to any plane x Y, per- 
pendiculars AP, B, CR, GL be let fall, then (by 
: + XX AP+BXB2+CXCR 

Mechanics) LG= e 


Prop, XXV. 
To find the center of gravity of a body, conſidered as 
an area, ſolid, ſurface of a ſolid, or a curve line. 


57. Let ALY be any curve, RL the axis, in which 
the center of gravity muſt lie; for as it biſects every 
ordinate 
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ordinate TF in N, the parts on each fide LR will 
always balance each other, and therefore the body 
will balance itſelf upon LR; conſequently the cen- 


ter of gravity muſt be ſomewhere in that line. Put 
LN =x, TN=y, TL =, and draw xy parallel to . 
TF; then if we conceive this body to be made up 
of an indefinite number of corpuſcles, and multiply 
each corpuſcle by it's diſtance from xy, the ſum of 
all the products divided by the ſum of all the cor- 
puſcles, or by the whole body, will give LG by Art. 
56. Now to get the ſum of all theſe products, 
we muſt firſt get the fluxion of the ſum, and the 
fluent will be the ſum itſelf. Put & for the fluxion 
of the body at the diſtance x from xy, then will 
* be the fluxion of the ſum of all the products; 
alſo F is the fluxion of the ſum of all the corpuſlcles 
flu. x 

therefore by Art. 56. L= Ru. _ 


* If the body of an area, then &= 2 yx by Art. 49. 


hence "A 2yxX flu. ya. 
flu. 2yx flu. x 


2% If the body be a /o/id, then py* x =s by Art. 52. 


hence Mi 2 2 we = 3 5 f 
flu. py*x flu. y*'x * 


3 It 
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3 If the body be the ſurface of a ſolid, then S pA 
flu. * flu. yx 
flu. p52 7 | 
af If the body be a curve line LT, then = 2.2; hence 
16 flu. 2x7 flu. æ flu. * 
Hu. 28 flu. 2 1 


by Art. 55. hence LG= 


Examples. 


Ex. 1. Let ya be an equation to any parabola ; 
to find it's center of gravity. 


As y=a * „ . JN =ax*x, whole fluent is 2 ; alſo 


= POE as 
yx = ax"x, whoſe fluent is INJ n (Art. 57.) LG 


ax rr! n+ a+1 
142 af © n+2 


If = 75 then y = ax, <. * dx, which is the com- 
mon parabola; hence LG= Ho If a=1, then y= 


ax, and the figure 1s a triangle ; hence LG=c8, 


Ex. 2. Let y=ax"; to find the center of gravity 
of the ſolid generated by the revolution of this curve 
about it's axis. 


As , . fxx= = x ax, whole fluent is 


a ναονον * 2 2＋1 
- allo * =a*x*x, whole flu No 7 
Zu TZz Ts n e fluent 1s 2 . 
f a X | 
hence by: Article 57. L1 = —— X me 
21 +2 a 
21 41 
* XX, 
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If = * EO. If 2= I, the curve becomes 4 


triangle, and the ſolid a cone; and LG=2 x. 

Ex. 3. Let ALV be a hemiſpheroid; to find it's 
center of gravity. 

Put LR=a, AR=b; then a? : þ* 24 * ; * 


— b — 
Na hence y*xX =— 2 * 24 — x®X, whoſe 


2 


o þ? 2 1 a E 3 . 2 — | py o 
fluent is + X <ax® --; allo yi=Z x 2 4 * N &, 
a 3 4 42 | 


PR 


whoſe fluent is aer =, hence by Art. 57. LG 


3 224 
= == — =, and when xa, To . 
for the whole ſolid. As this is independent of 5; 
if Bra, LG remains the fame, and the ſolid becomes 
an hemiſphere. 

Ex. 4. Let AR be a Abba 3 to find it's cen- 
ter of gravity. 


Put Lx, TIN, 2 L rz then a* ＋ .=, hence 


Xx , & v — y*7, whoſe fluent is — * 


＋ C, which muſt vaniſh when 7 F coincides with AV, or 
vr; 


e 
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y=r; therefore put r for y, and c, 9 


= : 75; hence the correct fluent of yx x is : 15 — ; ; alſo 
the fluent of y is fare, ) the area ATV; hence by 


A; 57- Los x "Tr ; and when y=o, LG= 
77 11 Fs for the ſemicircle. 


Ex. 5. To find the center of oravity of the arc 
AR. 


Put RN = x, NT 23x RE =; then, (Art. 
46.) 2: 11 : x, therefore x#2=7r9y, whoſe fluent is 


7y ; hence by Art. 57. LG=2; and when y=r, LG 


= "FL The ſame is true for RV; therefore the 


center of gravity of AR lies at the ſame diſtance. 


Ex. 6. To find the center of gravity of the ſurface 
ARY of an hemiſphere. 


Here (Art. 46.) we have 2: * ::: 5, .. 5 
ax, hence yxZ=axx, whoſe fluent is : ax*; alſo the 
fluent of yZ, or ax, is ax; hence by Art. 37. RG 


zax* 1 92 
=— 2 and when x = RL=r, then RG 


= r for the hemiſphere, 
2 
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ON THE CENTER OF GYRATION. | 6 


i 
1 1 | | DEFINITION. | he 
58. The Center of Gyration is that point of a body 
revolving about an axis, into which if the whole quan- | 
tity of matter were collected. the ſame moving force th 
would generate the ſame angular velocity. 
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59. Let a body p revolve about C, and let 
a force act at D to oppoſe it's motion. Then the 
momentum of p=pX it's velocity =pX Cp, which 


we may therefore conſider as a power acting at p in © 


' oppoſition to the force at D; but this power acting 
at the diſtance pC from the center of motion, it's effect 
to oppoſe a force at D muſt (by the property of the 
lever) be as pXpC*. This effect of p to perſevere in 
it's motion, or which is the ſame, to prevent any 
change in it's motion, is called it's inertia. 


PROP. XXVI. 
To find the center of gyration of a body. 


60. Let a body be conceived to be made up of the 
particles A, B, C, &c. whoſe diſtances from the axis are * 
a, b, c, &c. and let x be the diſtance of the center of | 
gyration from the axis; then by Art. 59. the inertia 
e, &c.. will be Axa, BX, CXc, &c. 
ö | and the inertia of all the matter at the diſtance x will 
| be 
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bea THE x" ; nom as the moving force is 
the ſame in both cafes, the inertia muft be the 
ame when the fame angular velocity is generated; 


hence A+B+C+&c, xx =AX&*+Bx#+CxO 
2 2 nd 1 
+&c. therefore x = * +B x 6þ"+CXc — 


AFB+CT+&c. 
that is, if 5 be the fluxion of the body at the diſtance 
2 from the axis, x= —.—. 
Examples. 


Ex. 1. Let the frraight line CA W — C; 
to find O the center of gyration. 
Par 2 = Cp, then , and 423, . 2 e 


fluent is 52 = (when cl F ca cet C0 


Vice. . . 


Ex 2, Let a 2 AB revolve in it's own plane 
about it's center C; to find it's center of gyration. 

Put 5 = 6, 28318 & c. the circumference of a 

Vol. II. G _- 
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circle. whoſe radius = I, zx [p; then the circum- 
ference b br, and 222 ; hence the fluent of 


E or of 1 is 4 Ohen ** Clans} 2 457 


Alſo the area of the circle = © pra; hence COS Vun 
„ 2 


bt a 
Wt =r 5 
5 2 = 

| Cor. The ſame muſt be true for a cylinder revolv- 
„ ing about it's axis, it being true for every ſection 


parallel to the end. 


. 
. 


0 Ex. 3. Let RADB be a ſphere revolving about 
0 the diameter RD; to find it's center of gyration. 


* 8 
1 ——— * 
ae EL: 


—— Lf 


EY ay 
9 D 
h _—_ pe" 


Draw CA_L and spr parallel to RD ; put Cr =r, Cp 
=2, then pr Vr z; and if p=6,28318 &c. the 
ſurface of the cylinder generated by gr revolving about 
RD is pz & 2, Z; hence $=2p22\/r*— 2* —2*, and 
2 apa 7 — 2. Now to find this fluent, put 
r- 2 A, then 2 = -, and 2*=ri—2r fp, 
_ . hence 222. — 2px 
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when z o this fluent ought to vaniſh, but y is then 


<Y; and the uent becomes 25 X — Ir hence * 


. 


correct fluent is 25 * 5 ry + n and the 


whole fluent when z=r (in which _ ”= o) will be 


- 4 97 Now the content of the ſphere _ pri; hence 


"gs "hes 
co- e,; 


ON THE CENTER OF PERCUSSION. 


DEFINITION. 

61. The Center of Percuſſion is that point in the 
axis of a vibrating or revolving body, which ſtriking 
againſt an immoveable obſtacle, the whole motion 
is deſtroyed, or the body inclines neither way. 


Paor. XXVII. 
To find the center of percuſſion of a body. 


62. Let ABD be a plane paſting through the cen- 
ter of gravity G of the body, and perpendicular to 
the axis of ſuſpenſion which paſſes through C; and 
conceive the whole body to be projected upon this plane 
in lines perpendicular to it, or parallel to the axis; 

G 2 then 


& 
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then as each particle is thus kept at the ſame diſtance 


from the axis, the effect, from the rotatory motion about 


the axis, will not be altered, nor will the center of gra- 


vity be changed. Let O be the center of percuſſion, 
and draw pn av perpendicular to pC, and O perpen- 


dicular to pw; os pv F to Cn. A the 


ol 
C ZN 
— 2 S 


D 


velocity of any particle pe<pC, the momentum of pin 


the direction pwocpXpC, being as the velocity and 
quantity of matter conjointly; and by the property of the 
lever, the efficacy of this force to turn the body about 


O is px Ow = (becauſe On: Ow :: pC: vC) 


PX vVCK Onu=pXvCXCO=CnumzpxvCXxXCO-px 
Cx Cu (as Cn : Cp :: CH: vc Nx X CON 
Cp*- Now that the efficacy of all the particles to turn 
the body about O may be =o, we muft make the 
ſum of all the quantities px Xx CO ſum of all the 
quantities p X Cp* o; hence CO = 
ſum of all the px Cp* ſum of all the px Cp* 
ſum of all the pxvG body Xx C 
denominators being equal from the property of the 
center of gravity, (Art 56.) 


, theſe two 


ON 


1net 


% 
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ON THE CENTER OF OSCILLATION. - 


DEFINITION. - 

63 The Center of Oſcillation is that point in the 
axis of a vibrating body, at which if a particle were. 
ſuſpended from the axis of motion, it would vibrate 
in the ſame time the body does. 


Pngor. X XVIII. 
To find the center of oſcillation of any body. 


64. Let ABD be a body projected upon a plane 
perpendicular to the axis of rotation, as in Art. 62. 
the axis paſſing through C, and G the center of gra- 
vity, O the center of oſcillation; draw Cv parallel to 
the horizon, Om, Ge, pr perpendicular to it. Then by 
the property of the lever, the force of gravity to turn 
the particle p about Cp x Cr; hence the force of 
gravity to turn the whole body about C o« the ſum 


of all the px Cr. Alſo the force of gravity to turn a 
fingle particle O at O about Cos O C. Now by 
Art. 59. the inertia of p X Ci; and therefore the 


inertia of the whole body the ſum of all tie p x pC. 
G 3 Alſo 


'CO C 
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Alfo the inertia of Ooc Ox OC*., Now that the ſame ac- 


celeration about C may be produced in the whole body 


and in the particle O, the moving forces muſt be in 
proportion to the inertiz, becauſe, if the power to 
produce motion be as the power to oppoſe” it, the ef. 


feck muſt be the ſame. Hence, ſum of all pX Cr : 0 


XmC :: ſum of all ꝓ&x C: Ox OC, therefore OC= 
ſum of all pX Cp* x m ſum of all p X Cp 


ſum of all PXCrXOC © body Wet” becauſe 


(by ſim. triangles) Cm: CO:: Cg: CG, and therefore 
Gu | of and by the property of the center of gra- 
vity, ſum of all pX Cr S body x Cg. Hence the center 
of oſcillation is the ſame as the center of percuſſion, 
Or if 5s be the body, x the diſtance of 5 from 


the axis of ſuſpenſion, then CO = — or = 
flu. xs? 

flu. x 

TT 


65. Join pG, and draw Po e to CG; then | 


Cp*=CG*+Gp* — 2CGX Go, therefore pX Cp 
CG*+pxGp*—2CGXpXxCGCGo, and the ſum of all p 
Cp* ſum of all px CG*+ſum of all px Gp*—2CGX 
ſum of all px Go; but the /um of all px GO o, from 
the property of the center of gravity ; and the ſum of all 
px CG*=body Xx CG hence, ſum of all px Cp* = body 
* CG + ſum of all pxGp*; conſequently CO= 

body x CG" + um of all px Gf =CG+ ſumof all px Cp. 
body XCG 5 body X CG * 


hence COD ſum of all p & Gf" 


body X "s) 6 ati Now as the numerator 


is conſtant, GO varics inverſely as CG; hence if we 
find 


fil 


CENTER OF OSCILLATION. 103 
find GO for any one value of CG, we. ſhall know every 
other value of GO. 

Cor. If x be the diſtance Low) c to the center of 
gyration; then by Art. 60. xs ſum of all px CM] 
and by Art. 64. CO x E CG S fim of all pxCp*; 
hence & CO x CG, and CG : x::x: CO. 


Examples. 


Ex. 1. Let CD be a a Ari line 3 at C; to 
find the center of oſcillation. - 


Put x Cp; then the fluent of x flu. x*X == e 


(when x = CD/ 0D. Alſo body Xx CG CD 


CDE; hence CO=ZCD. 
2 2 3 


Ex. 2. Let the line AB vibrate lengthways in a ver- 
tical plane about C, which is equidiſtant from A and 
B; to find it's center of oſcillation. 

Draw CG perpendicular to AB; and put CG=84, 
Gp=x; then PCS; and the fluent of Cp* x s 
G 4 = fluent 
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= fluent of 4 U 24 or (when x=46) "oh 


* AG IAG hence | for the whole line AB, | it | be- 


eames 24 X40 +3 Ae. Alfo body Xx CCmax AB 


CC 
=aX2AG; hence CO = ax 210 ="0 + 


405 G* 
32 34 
Ex. 3. Let DAE be any parabola vibrating flat- 
ways, or about an axis parallel to PAN ; to find the 
center of oſcillation. 

Put AC = d, AM=x, PM=y, then ax"=y; hence 
2% a =; and the fluent of CM* Xx 5, or 


2.dFPXav's, or 2.4" a +adawÞ&+2ax%%, i 15 
| 24. 4. 


"1 - 
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zart. L 44 . 
W . . * Io , which vaniſhes when 


o, and therefore i it wants no correction. Alſo the 
„ nt, 2 
fluent of CMXs, or 4 24 is — Sie +- 5 
hence if the former be divided by the latter, we get 
(by | reduction) CO= 
+2. 1+3. 4 +71. 1+3. 2dx+1+1 1. 1 JZ. x 
1+2.u4+3. d+n+1. +3. x 
If do, and n 1, the figure becomes a triangle, and 


A 0=2x. If n= =, it becomes the common para- 


bola, and AO =2 x 


Ex. 4. Let the parabola vibrate edgeways, and let 

it be ſuſpended at A; to find the center of oſcillation. 
By Ex. 2. the ſum of the products of each particle 

of the line PN into the ſquare of it's diſtance from A is 


2X" X 3+; ZK Xa * hence 24 x + 


24 is the fluxion of the ſum of the products for 
| 2 4 2 at 


the whole body ; whoſe fluent * — 

; B+ 3 3.3u+1 

Alſo the fluent of AMXS is the fame as 

before, d being now o; hence ao 
MI 


2 Lu - If Haw. 402 c —. If n= I, 
3.34+1 2 7 3 


5 — bor a rriangle. I, AO x. 
Ex. 5, 
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Ex. 5. Let CG be perpendicular to the plane of the 

circle 4 BV, and let the circle vibrate about an axis 

paſſing through C and parallel to AB; to find the 


center of ofcillation. 
Draw GPV perpendicular to 4B, * EF parallel 
to AB. Put AG=r, CG=a, GP=x, then CFA 


+x*, PE = Hr, and EF z IL] hence 


EFXCP=#+x*X2\/r'—x*, which multiplied by 

* gives & K 2/r*—x* for the fluxion of the 
ſum of the products of each particle of the area 
ABFE multiplied into the ſquare of it's diſtance _ 

from the axis of vibration. Now to find the fluent, 
we have the fluent of a*X2/r*—=ax* KN X area 
ABFE by Art. 49. and when Sr, the fluent a. 
AFB; and as the ſame is true for the other ſemi- 
circle, the whole fluent is a* Xx circle. The fluent of 


the ſecond part, 2x*Xy4/r* , may be found thus. 
Let xv/r -& A, V=, =B, and æ 
FIN P; then by taking the fluxion of the laſt, 
we have P =X N * xy r* — X* SN XY —x* x 
VP == fx/ A H =o =arfxy/r =, 
that is, 


ce ENTER O F oOSETLLA TI ON. 10) 


* 3 — 


that is, B= A 4, hence (by taking the fluents) 
P A — 4B, and B= — ; themes * fluent of 


wi PE P=rRl , but when = 05 A and 


— 


2 2 


the fluent 3 2 = - X ESD, becauſe A= 


: 1 of the l when r; and for both n it 


becomes 5X circle ; hence the whole fluent is 2 * 
Xx circle, which is the ſum of the products of each 
particle of the circle X the ſquare of it's diſtance 
from the axis of vibration. Alſo à X circle = the 
denominator for the value of CO; hence, by divid- 


ing the former by the latter, we get C 01 


Ex. 6. Let the ſolid formed by the rotation of 
the curve DAE about it's axis AB, vibrate about 
C; to find the center of oſcillation. 

By Ex. 5. the ſum of the ey of each par- 


[C 


ticle of the circle MN 1 into the ſquare of it's diſtance 
from 


e 3 =_ 
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from the axis = o P- {PN circle MN = 


crx PM (phring= 3. 14159 Kc. =px 


E *. — — 


6 — — —— 


Pur P uf Dy * * 4 | liek bx 


— 


5 * _ wu 


d+x* Xp? +- * is the PARSED of the ſum of all ſuch 


products for 9 whole body; ; the fluent of which 


divided by CG Xx body, gives CO. 
Ex. 7. Let the ſolid be a paraboloid; to and the 


center of oſcillation. 


_——S@S 


k —:. 
Here a =; hence pxXd+x X . ee 


pr Tx ar Ha * 2, whoſe Avent is ade. 


; odr pax ab-; alſo(Art. 52. Ex. i. ) the body 
= a bY ee: 


hence CG body == padx* +- zb dividing therefore 


the above fluent by this 3 we have CO= 


64*+8dx+3x* . If C coincide with 4, 4=0, 
6d+4x 


4 55 
Ex. 8. Let the ſolid be a cone; to find the center 
of oſcillation. 


Put AB=0, BD=5; then a: b r & O = (if 


+ 


m=2) mx; hence N XY pax 
dE 


\ 
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1 


e X i a a+; Zoe, whoſe fluent! is 1 + ode 


+ ee aps al (ar. 52. Ex: 1) the body = 


Me |: S44'F 


32 on anc (Art: 57. Ex. 2. Ddr, Ap CG = ri 


2 Hy 
hence 0 Qu a= 7 — Z 3 —— 25 
204. 30 42.4 122. +35 
20d ＋ 154 
* Sa, and mæ =. 
Ex. g. Let the body be a /phere; to find the cen- 
ter of oſcillation. 
Let B be the center; then if BA=r, V Zr -*. 
In this caſe, it will be moſt convenient to apply the rule 
in Art. 65. that is, to get the value of CO when C coin- 
cides with A, and from thence to deduce it's value in 
any other caſe. Now when C coincides with 4, do, 


for the whole _ when 


and the expreſſion becomes ꝓ XX x * y* + * =:#.X 


— — 


xx md, whole fluent is ; p 5 prat 
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1 


7 755 6 PR and when x=27 it becomes 15 pri. for the 
wit ſphere, | Alſo the vg X CG 0 now coincid- 
5 ing with B) = z 35. therefore 40= 57 


— 30 1 Lr. Hence (Art. 6 5: if — CB, 
d:r::- ; 77 30 e the point of ſuſpenſion 


is at C; therefore cod = 


= ws 
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ON THE ALTEAGEINL OF BODIES. 


PRO. XXIX. 
0 1 4 attraftion of a corpuſcle P towards a 
right line BA, in the direction PA perpendicular to 


AB, ſuppoſing the attraction to each particle of the line to 


vary inverſely as the ſquare of the diftance. 


66. Put PA=4a, JC rx, then PC: =a* +x*, and 
therefore the attraction of P towards a particle at C is as 


N= and by the reſolution of forces Va +x* : 4 


Fg 


*. 


* 


the attraction in the direction PA; 
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hence 
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5 3 £ 
hence. = — is the fluxion of the whole. whole 
22 — 8 eee he 0 


fluent (Art. 3 9. Ex. 5+) is z when x= 


X 
0 , 4 Rds 


" AB 12 
4B, 6 5 5 7 - for * 2 attraction. | 


Pad XX * 
File line PA be perpendicular to BA, to het the at- 
traction of PA to BA, upon the ſame law of * | 


67. Puta a AB,x= Ab, chen t )the attrattion of 


ax 
a corpulcle at ↄ to AB == ; hence — — 
* 120 5 eee | FT 


A 
1 A 


the fluxion of the attraction requiredy whoſe fluent 


Lax | 

A t. 4. E Kl = 3 NOW when x =o, 
(Art.45.Ex.7. ) is 2 * 25 

ils ones; F. 8 l. * - hence the fluent 

2. 
corrected is ch. 1 . . (when ĩ 
aTV +x* 24 
; AB—BP „ 5M 

AP) zh. l. TB 3 1. 1 475 » An infinite quan- 

tity. f 


PR or. 


O 
of th 
area 
reſol 
ward 


v in tl 
tractio 
2a X") 
2 90 


2 


vaniſhe 


therefor 


Vo. 
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Py; oP. XXXI. 
Let O be the center of a circle ABCD, and a torpuſele 
P be ſituated in the line OP perpendicular to it's plane ; 
to find the attraftion of P to the circle, ſuppoſing the 


altractiue force of P to every particle of the circle 10 


vary as the n qt of the di ance. 


68, Put PO=a, Po x, p=3,14t39, &c. then 
Ov -, and by Art. 49. pXx*—@*= the area 
of the circle vw; hence 2pxx is the fluxion of the 
area at the diſtance Ov from the center ; and by the 
reſolution of forces, x: a :: x" (the attraction of P to- 
wards v): ax the attraction of P to a corpulcle at 


P 


B 


vin the direction PO; hence the fluxion of the at- 


traction of P towards the circle is as 2pXXX ax = 
n+1 


; but when 


. 0 : . ax 
2þax"%, or as ax"x, Whoſe fluent is - 


Sa, Ov = o, and conſequently the attraction 
n+2 
a 


vaniſhes; but in this caſe, the fluent is —} | 


h d OT 
es | 
erefore the fluent corrected becomes — Tt 


vor. II. H | | and 
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3 and when x= PA (neglecting the conſtant denomi- 
nator) it becomes PO x PA** = PO, which is as 


the whole attraction towards the circle. If #= —2, it T 
- PO ; | 8 8 2 
becomes 1— - the denominator neglected being 7 
now = —1. If x be a negative number greater than 
1; and the radius AO become infinite, ſo that PA be- 
comes infinite, then PA being in the denominator, the 1 
firſt term PO x PA Neo. and the attraction is as Ain 
POR, Hence if u==—2, the attraction becomes 4 
unity; therefore the attraction i is the ſame at all diſ- n 
tances PO. | 
| by 
PRO. XXXII. : 
Let the attractive force of a corpuſcle at P to each par- IS A 
ticle vary inverſely as the ſquare of - the diftance ; to find 
the attraction of P to the cone PAC. tive 
69. By the laſt article, the attraction of P to the cir- va 
8 Pa PO 
cle sr is as 1 => = 1 = 43 the attraction therefore 
to every ſect ion r is the ſame ; hence the attraction to 
becon 
—FO = PC 
the whole cone is as 1 — —X number of ſections, or betwe 


FA PB — 


as 
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PO PO? 
RO” 51 


1 F 7 cing — the attraction varies as the lengths. 


. Hence for fimilar canes, 


| Prop. XXXII. | 
Fa corpuſcle be ſituated at P iu the axis S2 of a cy- 
Inder, to find it's atrraction to the cylinder, ſuppaug the 
attraftive force to each particle to vary inverſely as the 
ſquare of the diſtance. | 


70. Put RF a, PR x, then PF= VAT; and 
by Art. 68. the attraction of P towards the circle E 


. . * | . . | 
is as I — —=== hence the fluxion of the attrac- 
"Wd A +x | | 
= * . Xx | 4 o 
tive force is as & Ja whoſe fluent is x— 
| a ＋ 8 


Var (Art. 39.); now when x= P this fluent 


becomes PQ — PB, and when x PS, it becomes PS 
YC; and as we want the attraction of P to the ſolid 
btw theſe two values of · x, their difference ST 
PB- PC is as the attraction required. 


1 | bes 
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- If the length be infinite, then PC PS; therefore 
$9-PC=$9-PS=—P9, and the attraction be- 


comes as PB -P. 
If the diameter AB be :finith, then PC=PB; 


hence the attraction becomes as S9. 
| Prop. XXXIV. 
To find the attraction of a corpuſcle P to a ſphere, when 


the attraftion to each particle varies. * as the ſquare 


of the diftance. 


71. Let PAC be perpendicular to BD; put the ra- 


dius ' AO =a, OP=b, AP=b—a=c, PK=y, and 


let PB=c+x, then AK=y=r, CK=2a—y+c, . 
y X'2a=p+c=BK*e=BP*—PK*=c+x*—y 


2ac + 2C + 2X +X I (as Le 47) 


hence y= 2 
2bto+2rx+ xt | : 
Fc zz 2 ; therefore the attraction of P to the 


= 2bc+2cx+x* 
2% t * 


circle BD is (Art. 68.) as 1 


2 ax x* : 
SN alſo y = 3 ; hence the fluxion of the 


g : : a 3 2 
attraCtion to the ſphere is as 2 I whoſe lo- 


4? 
ent 


Or as 


* 


ATTRACTION OF BODIES. I17 


„5% a. F 
ent is * —, the attraction to ABD; and when x =. 


24, it is 775 the attraction to the whole ſphere, 
3 5 
25 
If the denſity d of the ſphere ſhould vary, then 
3 


which therefore varies as 


the attraction will vary as I. 
If the corpuſcle be at the ſurface oſ the aa 
then a , and the attraction varies as da. 


Since the W of matter varies as da*, the at- 


traction varies as 2; now if the ſphere were evaneſcent 


2 
in magnitude, with the ſame quantity of matter, the 
attraction would be the ſame. Hence the attraction 


of a corpuſcle to a ſphere is juſt the ſame as if all the 


matter of ſphere were collected into it's center. 
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SECTION VII. 


ON THE MOTION OF BODIES ATTRACTED 


TO A CENTER OF FORCE. 


Prop. XXXV. | 
7 find the time and velocity of a body deſcending or 
aſcending in a non-refifting medium, in a right line to 
or from a center of force ; ſuppoſing the force to vary as any 
power of the diſtance from the center. 


72. Let v be the velocity of the body at any time, 
x the correſponding ſpace, either that deſcribed, or to 
be deſcribed, m= 1675 feet, f= the time, F the 


force compared with gravity which is repreſented by 
unity; then v Fx, the ſign being + when 
v and x increaſe together, and = when v increaſes 
as x decreaſes, For by Mechanics, v Fx ?, and 


* ac . * . . . - 
e hence vec Fx 75 and vve FX x, that is vV 


is to Fæ in ſome conſtant ratio; let v Fx. Now 


when a body falls upon the Earth's ſurface, v* Anm 
| by 


ere] 


then 


B O DIES ATTRACTED, &c. 119 
by Mechanics, æ being the ſpace deſcribed ; hence vv 
=2m% ; but if x be the ſpace to be deſcribed, and 4 
the whole ſpace, then v* = 4m X a= x;and VV - 2mx; 
Heng vU==+=2mx; but in this caſe F=1; therefore 

=2m;-hence vV==2m FN. Allo the velocity of 


a body moving uniformly is meaſured by the ſpace 
deſcribed in 1“; therefore for the time * W 


ing to the ſpace &, we have v: 1” &: 2 * A 
becauſe v is the velocity with which & is adn 
in the time F, and, wheñ the velocity 1 15 uniform, the 
ſpace is as the time. 


Proe. XXXVI. 


Let a body begin to fall from any point A towards the 
center of forre &; to Juia © the velocity at C, and the time 


of deſcribinꝑ A C.. 


73. Put 2A. e SC, v= velocity at cr and let 
the force vary as x*, and at any diſtance c from 8 let 


Aj 
by 
FL 
C4 
Fd 
Sl 


e repreſent the force compared with gravity or unity; 
| Ng 
then : :: e: * (ir 4s) dx”, the force 
"8 at 
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120 BO DIES ATTRACTED 
133 8 . 42 ** 
at the diſtance * ; hence D ande x, and * 


* t c, but when U=0z x =, and os 


2md 2md 2 


nec. ce ox at; cenſequently 
1 7 X 4 * C= . Xa, conſequently — 


_2md 
e and v 
1 8 = Wart x 
CEE od x | 
Vie Tr. "Hence { = = w—_—_ "Mien P 
and, 2 — 


1 1 
whoſe fluent gives 7; but this can be found te in 
particular caſes. Le 

Examples. 


Ex. 1. If »=0, then x"=1, and the force is 
conſtant, and v= N XvVa—x. Alſo, tf = 


— * 
= Xa—x\ * * — x, Whoſe- 


vV 4mdXyV/a—sx 7 
fluent (Art. 39.) is = . . but when 
| vV 4md 


— 


7=0O, ** ge Co; hence 7 = —== X a—x}*. 


Ex. 2. If 2 1, then v=vVamdX/ i = 


1 
C D 


E * 


8 L Tv 


Vandx CD, if upon $4 a quadrant be deſcribed, 
| and 


TO ACE NTEN O'F. FORCE. 121 
and the ordinate 0 D be erected . to 48. Allo, 


i= — _ > gr but if 2 AD, then 
e Wo 


(Art. 46.) 3 8 2 2 : VER CY . a 25 


5 2 | , | 2 : | 8 | 1 | 
hence? —— x =, whoſe fluent (which wants no 
| 21d a | 
_ 


correction, becauſe when f=0, 2 =o); is 72 „ 222 


75 the time Reb AC; hence if p = 1, 57079 (which 


o I . : | | . | | by | 
18 - of the circumference of a circle who radius =1), 


we have V — 7* 5 for the whole. time through AS, 


becauſe 2 ares = AV =pa. Hence, from whatever 
diſtance the body falls, the whole time of deſcent will 
be the ſame, it being independent 0 AS. FS 


Ex. 3. If z=—2, v = ee — 


— 8 EY 
Van 0 8 715 ; Allo, fan nl, 0 
ror Vas” 
42 : — XX 2 - 3 — 2 4 


Fee + Marx nn Vax— - Vas 


whoſe fluent (Art. 40. and 46.) is = = 


: . | N 1 8 
Yax—x*—a cir. arc c whoſe rad. =- a and venta fine x 
2 


as 


+C= (if upon 48 we deſcribe a ſemicircle) 
v Tan” 


CE; but when 7 = o, this becomes 
3 


2 bis 
TL 
3 


* 


wm 2 3 If a as 7 A A * * 
- r 33 r 
2 — by ——— 


Pei 
wy 
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1 BODIES ATTRACTED |, 
af "2 
02 | X —arc SEA 4C= == xarc SE4, 
V amd © 5 Vamd 


conſequently⸗ = 7 Fl CE + arc AE. Hence the 


Py 


held time to $ = —= X arc AES. 


V 4mad: 
Ex. 4. If * „ VIX 4A 
— : | Ta 
da 1 ..... 
Vame N Alſo, 4 "zmd * > rig 


. . 


X CD; which dog: no” correctie beemſe Foe 
!=o, CD=o, and both ſides vaniſh NE. Hence 


the whole time of deſcent to S es-. 


= | 
Ex. 5. If e=1, cr the radius of the Earth, 22 
— 2, and @ be taken any diſtance from the Earth's 
center greater than r, then d=, and v=4/ 4mr* x 
oe la — 
. — SrVAUN ” the velocity acquired in 
falling from any aikance « a . the center through 


. a — 14 EY ; 
| 2" 20 
amr tn the velocity acquired in falling 
through the ſpace a—r to the Earth's ſurface. If 2 
be infinite; v VAuntr the velocity which a body 
would acquire in falling from an — diſtance. 

Ex. 6. i and a=r; then d=- =; hence v= 


4 * ; and when & Ar, vr Vn * N 


Vx —x*, and when 1 v=v amr, which 


15 


. Beall Roos 


Ic 


th 


ſa 
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is the velocity a body acquires in falling from the 
ſurface of the Earth to the center, becauſe: within the 
Earth's ſurface the force varies qirectiy wi the diſtance. 
Alſo, by Ex. 2. APN wp LIT =P 2 = Hence, 
by Six I. Nzwron's Principia, 18: * Pp. 36 Cor. 1. 

the time in Which a body would revolve _—_ the 


Earth at it's ces e 28 7 This is 


the time in ſeconds; alſo. 4 pr is ee of 
Vrxrn the ve- 


the Earth; hence ee. 14 r = 
locity of a body revolving about the Earth in a cirele 


at it's ſurface, the velocity being always meaſured by 
the ſpace deſeribed uniformly in 1”. We muſt take r 


in feet, m being in feet. Hence it appears, that the 
velocity of a body falling from the ſurface of the 


Earth to it's center is equal to the velocity of a body 


revolving at the Earth's ſurface; 


Cor. 1. From hence we may find how fin a body 


muſt fall above the Earth's ſurface to acquire the ve- 
locity in a circle at the ſurface, ſuppoſing »= — 2; for 


then, by the two laſt examples, Vamrx VS — = 


Van,; hence a gar, and a—r=r the ſpace fallen 
through. 
Cor. 2. Let s be the ſpace a body muſt fall through 


by the conſtant force of gravity at the Earth's ſurface 


to acquire the velocity 27m: in a circle; then, by 


. | I 
Mechanics, v* = 4ms=2 rm, hence =; and the 


ſame is true for any circle. 
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124 BODIES ATTRACTED, &c. 


Ex. 7. If inſtead of ſuppoſing the body to fall from 


a ſtate of reſt at A, it be projected with a velocity b, 


then when eo, v=b, therefore (Art. 7 3. = = 


21d : 2 1 
32 40. c BT 5; con- 
ſequently P= . + Wan ant, | Now to find 


+1 
to what height the body will aſcend if it be pro- 


jected upwards, we muſt put vo, and then og 


d . n 
2 * 4 * K o; hence 12 K* 4 4 Fn, 


the diſtance from the center of foree to which the body 


aſcends. 
Ex. 8. If 2 1, the fluent thus taken 830 (Art. 


38.) andvv = 2h 5 whoſe fluent (Art. 45 0 iͤ 7 


- 2m X h. ˖. 1553 but when V=0, x=a, and the 
equation becomes 0 = — 2Md X h. I. 27 C, hence C= 
2 md Xx h. l. a; therefore v = Hand Vh. I. 4 — h. I. x 


* Az 


GG 6, 
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ON THE MOTION OF BODIES IN 
RESISTING MEDIUMS. 


74. If a cylinder move in a Buid' in the direction 
of it's axis with the velocity d, the reſiſtance is equal 
to the weight of a column of fluid whole baſe is equal 
to the end of the cylinder, and altitude # through 


which a body muſt fall to acquire the velocity d. This 


appears from experiment; it has been attempted to be 
proved independent of experiment, but the proofs are 
by no means ſatisfactory. 

75. The reſiſtance of a globe of the ſame diameter 
as the cylinder and moving with the ſame velocity, 
is half the reſiſtance of the cylinder. Now let p= 

0,78539 &c. A= the diameter of the globe, m= 


16— feet, and put the denſity of the globe: the 


denſity of the medium:: : 1; then the magnitude 
of the globe: magnitude of a column of fluid equi- 


valent to the reſiſtance of the globe :: - p.: ar: 
| 3 2 


(becauſe, by Mechanics, -— +. 34 


47 16m 
3 „„ 
160m” 16 
therefore if the weight of the globe, or it's gravity, be 


; hence 


2 


1 


their quantities of matter are as 1h : 


42 
denoted by unity, — will repreſent it's reſiſtance 
16 mul 


moving with the velocity d. Hence the reſiſtance of 


72 


ROE 
the cylinder 4 N 
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Pro. XXXVI. 

Let a globe be projefted i in a reſting medium, as in the 
laſt article, and let the reſiſtance be as the ès power of the 
the velocity; to find the velocity v, time t, and ſpace x 
deſcribed, any one in terms of the other. 

76. Let d be the velocity of projection, and 7 the 
reſiſtance correſponding to the velocity 4 compared 
with the force of gravity repreſented by unity; then 


"HE 345 : of 1 A 
r= — by the laſt article. Hence de: Sf 


the reſiſtance correſſ ponding to the 8 27 v; there- 
fore (Art. 72.) 9 Y = 4 GE 2 = 


"9; 5 | | 
Pl 1 vr, hence & = ebe, conſequently x = 
; " 
f, Xv + C; but when x = = 0, vd, and the equa- 


e 
non thcomes o. - , hence C 
227 


9 


e . 
X de; therefore x X d= . Hence, 


8 e 
when v=o, and ir is leſs than 2, K —— the 


the whole ſpace defer ibed before the icky is all 
deſtroyed. 


If c=2, the fluent fails; for then #=== and 


8 421 827 4 


xX=e Nh. 1 5 - ( becauſe e 4. x h. J. 5. 


Hence 3 v=0, x becomes infinite, therefore * 
velocity will never be deſtroyed. 


If 


* 
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If e be greater than 2, 2 -c is negative, and by 
N aro x becomes a 1 quantity, which 


2 * ˙ - 


Alo (An. wh f=*= er-, 88 


e but when 7=0, v= =4, hence or 


16 


3 therefore 1 = — d=. Hence 


ö 6 | e 
when v=o, and c is leſs than 1, re the 


time of deſeribing the whole ſpace. 


Tf 7pm to the fluent fails, for then 1 . —_ whoſe 


: * | 
fluent PORT is f Nh. I. = Hence when V=0, 


becomes infinite. But it appears that, in this caſe, 
the {ſpace is finite; hence the body is an infinite 
time in deſcribing a finite (pace, and which ſpace 
is ed. 

If c be greater than 1, then 1-6 is negative, and 
when v=0, f becomes a negative quantity, which 
ſhows the time to be infinite; but the ſpace will 
{till be finite whilſt c 1s leſs than 2. When therefore 
is equal to, or greater than 2, both the ſpace and 
time will be infinite. 


As v 4.— — IE, ſubſtitue this 


* 


„ for v, and it gives t = — 


die 
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x „ ſhowing the relation be- 
tween 1 and x, except in the caſes where the flu · 
ents fail. 


Proe. X XXVII. 
Let a body be projected in a reſiſting medium dreftly t to 
or from a center of force, and be attrafted by a conſtant 
force towards that center ; to find the ſpace, time, and 


velocity. 


Let F be the force compared with gravity which F. 


is repreſented by unity, and retain the notation in Art. 76. 54 
Now when the body deſcends, the whole accelerative 

force - the reſiſtance, and when it aſcends, the re- 7 
tarding force = F + the reſiſtance; that is, in the former refil 


caſe the force V v de, and in the latter it F. 


- X U. Hence (Art. 72.) „ein Fe x 
Xx, the upper ſigns being uſed when the body dee 


ſceuds, and the Jower when it aſcends ; hence (if ==e) 


33 + VV 
am Freu 
VV 
It , 422 * „ Whoſe fluent (Art. 
F=ev | 


I I WE es HL 
45. 18 MEX —X— h. I. F=ev*+C; but when 


* o, vg d, and the fluent becomes 5 Xx 
4me 
. 
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h. I. Fed ＋ C, hence C =—_ X h. I. Fredi; con- 


ſequently x _— X h. 1. Pc. Hence v we may find 


F e 
2 there 
fore 2 20 uy number whoſe, h. I. is Amex, and 


Ted wF 
then W = = hence v= cb 
_ 


78. If the body n ad V=0, * — x h. 1. 


Fed“ 
F 


79. Let the body deſcend. Now when Bal? Ar, the 


reſiſtance becomes equal to the accelerating force; 
2 


hence v* = 5 2 , and v= . the greateſt velo- 


city the body can acquire, for when the reſiſtance 
becomes equal to the attractive force, there can be no 
further acceleration. 


vin terms of x; for 4mex =h.1. 


the diſtance to which it aſcends. 
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81. Alſo (Art. 72.) 3 = — X Fes” hence 1 


when the body deſcends, t = 2 ＋ -, Whoſe flu- 


— 


car (Art. 45.), (putting ge is /=——Xb.1 


+0; but when o, vas and we get o 
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$1] a+4d 1 a+d 
>" Fam h. I. - 490 hence: C= 88 J. 1 

| I peo 144d 
eleyucntly Fw * 


Hence if we ſubſtitute the value of v in terms of x, 


we ſhall get ? in terms of x, If the body fall from 


— 


42 2 


1 
a ſtate of reſt, f= h. l. 
4 mae 


82. When the body aſcends, f = 7 


I 


— — 


2 ne 2 2 


x —M+C, M being a circular arc whoſe radius is 


, Whole fluent (Art. 46.) 31 


1, and tangent =; but when 7=0, v=d; put there- 


fore N = the arc whole tangent is - 5 and we get 


i ; 
Ly N — M. F or the whole PREY V=0, *. 
2mea | 


. 
M=o; hence r — Xx N. 
2 11C4 


83. If we apply theſe expreſſions to the decent of 
bodies in reſiſting mediums upon the Earth's ſurface, 
then as unity repreſents our force of gravity, that is, 
the force when a body falls in vacuo, we muſt find 
the value of F when a body deſcends in the medium. 
Let the denſity of the body : the denſity of the 
medium :: # : 1; then if w= the weight of the body 
in vacuo, we have, by Hydroſtatics, wv : weight loſt 
when in the fluid :: 2: 1, hence 20: w— weight loſt, 


or weight in the fluid, :: : 1 1, therefore the weight 
in 
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in the fluid * = (i: W=1 ; the force of gra- 


vity) _ which is the gravity of the body in the 


fluid, or the force with which it endeavours to de- 
ſcend ; this therefore f is the value of F. | 


84. By Art, 76. r go, ; hence a (= AE. 


28 = Gi = which is the greateſt 


velocity the body can acquire by falling in the fluid, 


a Th. = 4 * 2 . 71. « © N by . N 2 
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Ab 


for (9 79. that velocity is =dvV/E. Alfo = 


= h. I. ==, and when v=a, f becomes infi- 


nite;. therefore the body never can acquire it's greateſt 


velocity. 
85. The greateſt height to which a 88. can aſcend 
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when projected upwards is (Art. 78.) pen X h. 1. 


h. 18. — 


* * . RI ere * 8 r p 
od FF "LY; WEST RED 
_ A A » Do RY 
EDGY eo as 
2 "4 . fig rg ts 7 


16.1 — 1. M U 


PRO. XXXVIII. 

To determine the reſſtauce of a medium, by which a 

body may deſcribe any curve about a center of force, the 
force to the center being given. 
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the force of grayity being unity; draw DE perpendi- 
cular to BS, meeting the tangent 'BE; and Dv per- 
pendicular to BE. Put AB =2, BS=w, BD=—w, 


Og 


P — rn 
1 


[1 
* 
* —— — 


8 


BEE, v = the velocity in the curve at B, and s= 


52 7 the chord of the circle of curvature at B paſſ- 


. 3 . ; RET 

ing through 8, m=16 42 feet. Now it is well known 
that a body, whether it moves in a reſiſting medium 
or not, muſt fall down 25 by the conſtant force F 


to acquire the velocity in the curve; for the reſiſ- 
tance cauſes no deviation from the tangent, but only 
retards the motion of the body, ſo that it may pre- 
ſerve it's proper proportion correſponding to the force; 


hence, by Mechanics, v* = 4m F x 7 22 Fs; there- 


Fs +5 F 

fore V= N * — 
Va2zufes | 

the direction BE. But by Mechanics, the velocity v 

which the force F continuing conſtant for any time ?, 


would 


the whole increaſe of velocity in 


Aa «a 
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would generate in the direction BS is 2mPr; 5 Vn 


| T 
2m Fi = (becauſe : == * the in- 


creaſe of the velocity in the direction BS ariſing from 
the force P; hence BD: 5 BER: : BD = —w) 


: 1 a= MX = — the increaſe of velocity 


in the direction BE ariſing from the force F; 
from which if we take the whole increaſe m * 
£52 e there will remain —m N EAT 


Vzm Fs Vm 


which ſhows the decrement of velocity ariſing from the 
reſiſtance, in the time that the force F would generate 


2 FE 
the velocity m === bat che ve ocity generated 


or deſtroyed in the ſame time muſt b- in propor- 
tion to the force; hence the reſiſtance : force F:: 

Fi+sF +2 Fw 2m F FIT +2 Fay 
nem Vambs 8 £ 2 F 

: 1, omiting the ſign before the firſt term, as it 
only ſignifies the force to be retarding. 

87. When the center & is at an infinite diſtance, 
and the force F becomes conſtant and acts in 
parallel lines; then F = o, and the reſiſtance : 
force F :: 8 
BS, and PB perpendicular to it, and put 4 P=x 
$—2%X 
| 2.2 
1. Or to obtain this proportion in terms of the 
abſciſſa and curve, put y=PB; then by Art. 53. 
13 2 = 


But if we draw A P parallel to 


then W= —x ; hence the reſiſtance ; force F:: 
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2 4%; and by Art. 97. S = —= = , 
therefore if we ſuppoſe conſtant, we ſhall have 5= 


2XX* — E 2 K 3 i 
—. —— 2 — ; hence 
* | x 22 


2 . 9 


2K 2 K 
23 therefore the reſiſtance: force F:: 2 „ 


5x2? 


Examples. 


Ex. 1. Let the curve be a parabola, and the force be 


conſtant and act in lines parallel to AP. Then if x= 


oa, 2. ng , and g being con- 


— 1.2 — 2 


ſtant) a u. 1 1. E allo $=—= 


174 N * _ 
Þ4 — , 5 hence 75g = 


„ and = 


ny? -—3 1, a? + 
= 


If „S2, the reſiſtance becomes =o. 


If u be leſs than 2, but greater than 1, the reſiſ- 
tance becomes negative, the medium therefore muſt 


propel the body, not retard it. 
If „=I, the medium becomes an infinite propelling 


X 


; the reſiſtance. 


one, and the body moves in a right line. 


Ex. 2. Let ABC be a quadrant of a circle. Put AO 
=a, AP = x, AB=z, then B= &, and i= 


$=—- 2X x PB 
— MX; hence 27 = 5 _ = the reſiſtance, 


gravity being unity. Hence at A the reſiſtance =o; 
when 3PB=2BO, or radius: ſine of AB:: 3: 2, 
the, reſiſtance = gravity ; and at C, the reſiſtance : 


gravity 


Hand Aa. 


alſc 
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gravity :: 3: 2. Alſo the velocity is as BA. 

Hence alſo the reſiſtance at Bo< PB. Now if we ſup» 

pole the reſiſtance to vary as the denſity of the me- 
A = 9 


. 


0 7 C 


dium & the ſquare of the velocity, then the denſity 
varies as the reſiſtance directly and ſquare of the velo- 
PB FS AS 
Fa = PO 45 


city inverſely, or as hence the 


denſity. at B yaries as the tangent of 4B. All this 


agrees with what Sig I. NEwToy has proved 1n his 
Principia Lib. 2. Sec. 2. Pr. 10. 


Ex. 3. Let CA be a cycloid. Then 5B 755 e 


5 I oy el | 
if AO=a, - 2s .. FS ex, and S==—2Xx, 


f-—2X art 
bence — = — 


1 
2 
J. ar 


alſo 2 = r (Art. 53- Ex.2 


Rap iz 
C . 


= (becauſe x: An :: 0 — 70 the reſiſtance, 


gravity being unity. Alſo the + varies as 


ER. 
| 14 Ex. 4. 
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Ex. 4. Let the force tend to a center S, and vary as 
2", and the curve to be the logarithmic ſpiral. Then as 
F=w, Fur. -m] alſo = ww, .S=W; hence the 


: wh +1 W440 + 2 ⁹/niů 1 
reſiſtance = 2 EE = "Z3x > — 


= (as 2 


5 
⁊ in ſome conſtant ratio c: d * * 2, the force 


op 


tending to S being unity. 
If z= = z the reſiſtance =o. 


If ag be negative the medium muſt propel the 
#+1 
body. Alſo v= VaimFe=/Emxw*. Now the 


reſiſtance being to the force F, as —= 3 x x 5 tor, if F 


be repreſented by it's true value _"* the reſiſtance 
will become — „e; and ſince the denſity of the 


X 
d 
medium varies as the reſiſtance directly and the 


of the velocity inverſely, the denſity varies as — I 1 or | 


as 15 Hence if the denſity of the medium vary 


inverſely as the diſtance, the body may deſcribe the 
logarithmic ſpiral by any force, agreeable to what 
SIR I. NEWTON has proved in his Ep Lib. 2. 


Sec. 4. Prop. 16. If 1 — 2, EF=— > or F varies as 


the ſquare of the denſity, as he has allo proved in 
Prop. 1 f. 


a SECTION 


SECTION 


2 


' ON SECOND, THIRD, Kc. FLUXIONS. 


- - Prop, XXXIX. 
7 O explain under what circumſtances a quantity may 
have ſeveral orders of fluxions. 


88. The fluxion of a quantity being the uniform 
increaſe or decreaſe of that quantity in a given time, 
every quantity which increaſes or decreaſes muſt have 
a fluxion. Hence if the fluxion of any quantity be 
not conſtant, it muſt have ſome certain rate of in- 
creaſe or decreaſe, which rate of increaſe or decreaſe 
will therefore be the fluxion of that fluxion, or 
the ſecond fluxion of the original flowing quantity. 
Alſo if this ſecond fluxion be not always the ſame, it 


muſt have a rate of variation, that rate therefore will 


be the fluxion of the ſecond fluxion, or the third 
fluxion of the original quantity; and ſo on. Thus 3 


ſome 


quantity will haye a ſucceſſive order of fluxions till 
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138 ORDERS OF FLUXIONS 
ſome one fluxion becomes conſtant, and then by 
Art. 3. it will have no more. Thus, let æ increaſe 


uniformly ; then the fluxion of x* is 2xx; now & is 


conſtant, but x itſelf increaſes, therefore 2x x increaſes 
in proportion to the increaſe of x; the fluxion there. 
fore of x* is not conſtant. Hence, conſidering x as the 
variable part of 2xx, it's fluxion by Art. 9. is 2xx 
—=2x*, which is the ſecond fluxion of x*. But if we 
ſuppoſe x not to increaſe uniformly, then 2xx will 


have both x and x variable; hence by Art. 14. the 


fluxion of 2xx will be 2xx+2xxX, or 2X*+ 2X 


/which therefore is the ſecond fluxion of x*, x denoting 


the fluxion of x, or the ſecond fluxion of x. In like 
manner we denote the third, fourth, &c. fluxions 


of x by &; x, &c. But if we ſhould here ſuppoſe 
neither x nor & to be conſtant, then this ſecond flux- 


ion would be variable. Now the fluxion of 2x* is 
found by Art. 11. conſidering here x as the root, and 
therefore the fluxion of the root is &; hence the flux- 
ion of 2x* is 4XX; alſo the fluxion of 2xX is found 
by Art. 9. both x and & being variable; hence it's 
fluxion is 2XX+2xX ; therefore the fluxion of 244 
24 *, or the third fluxion of æ&2, is 4x , 2 * * ＋ 2K & 
=6xX+2xX&. In like manner we may find the ſuce 
ceſſive orders of fluxions of any quantity. 

89. If x increaſe uniformly, or if x be conſtant, * 
will have n fluxions, and no more, x being an affirmative 
whole number. For the firſt fluxion is aà ,, and 
x only being variable, it's fluxion is . 1 — I. * .; 
and the fluxion of this is 1. — 1. 1 — Zz. & &c. 
when therefore we have taken the fluxion z times, the 

index 
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index of x becomes =o, and i; hence the fluxion 
then becomes 1.4—1 . .. 2.1.x", which being a con- 
ſtant quantity, it has no further fluxion. 

90. The firſt fluxion of & is 3 x*X+2 ay, 
and if & and y be both variable, it's fluxion is G 


+3x*X+24a9* +2 ay}; but if x be conflant, then 


So; therefore the ſecond fluxion becomes '6xx* 
T2 and if y be conſtant, the ſecond 
fluxion is 6xx* + 3x*X +2 a9*. | 

91. The firſt fluxion of x” 5*, by Art. o. 10 
ny" xx + mx"y*-'7 ; and if both x and y be variable, 
we are to conſider each of theſe quantities as com- 
poſed of three variable factors, and then the fluxion, 


by the fame Art. will be ». ma "y"—"yx+1.1— 1. 
N- & KI + muy a=" 
Tn N N. 


ON THE POINT OF CONTRARY 
FLEXURE OF A CURVE. © 


DEFINITION. 
92. If a curve be concave on one part and convex 
on another, the point where the concave part ends 
and the convex begins, is the point of contrary flexure, 
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Pape. XL. is 29 
| To fd ie yin of tary fer of a curve, 


93. Let PQ, BC, Dr, be three equidiſtant nk. 
nates, and the curve concave to the axis; and draw 
9R, CE parallel to 4 D, and join QC, and produce 
it to meet Dr in 2. Then the triangles QRC, CE. 
being ſimilar, and R= CE, therefore C RE, and 


hence CR is greater than Er; therefore if y 1 


the ordinate, moving from 4 and x the abſciſſa, and 


PB=BD=x a conſtant quantity; then correſponding 


to the uniform increaſe of x, the increment of y, and 


conſequently y decreaſes ; now as y increaſes, y is po- 
ſitive by Art. 16. but as y decreaſes, it's fluxion, or 
J. is negative by the ſame article. 

If the curve be convex to the axis, and the ordinate 


* — 


move from 4, then the increment of y, and therefore 


5 


con, 
the 
find 
tot 
val, 
ſlity 
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y increaſes ;. and as y increaſes, is poſitive, and, as y 
increaſes, it's fluxion, or 7 is poſitive. Therefore when 
the curve is concave to the axis, 5 is negative ; if convex, j 


is pofetive, * being conſtant. Hence at the point of con- 


trary flexure F changes it's ſign z but a quantity may 


change it's ſign either by paſſing through o, or infirity ; _ 


hence at the point of contrary flexure J= o, or infi- 
nity. What we here mean by infinity is only in re- 
ſpe& to it's value at any other.time, that term being 
relative; and in this caſe we are to underſtand that 5 
18 indefinitely greater at that tume than at any other. 
If we conceive a line to be drawn from A parallel to 
BC, and conſider that as an abſciſſa to the curve, and 
draw lines from it to N, C. r parallel to AD;. then 
the former abſciſſæ AP, AB, AD become equal to 


the ordinates, and the ordinates P, BC, Dr become 


equal to the abſciſſæ; if therefore be made con- 


ſtant, X=0, or infinity at the point of contrary 
| flexure. Hence we have the following 


RULE: 


Put the equation of the curve into fluxions, make & or y 


conſtant and take the fluxion of the equation again, and pet 
the value of jj or &, and put it So, or infinity ; from which 
find the value of x, which gives the abſciſſa correſponding 
to the point of contrary flexure. And to determine for any 
value of x, whether the curve be concave or convex, ſub- 
ſtitute that value for x into the expreſſion for y, and if it 
come out poſitive, the rurve is convex to the axis; if ne- 
gative, it is Concave. 


Examples. 
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Examples. by 
Ex. 1. Let che equation of the curve be y= - 


28x* —2*; then = 3x + 36xXx— 6x*X, and J= 36x* 


—12xX*= (if & 1] 36—12x, Now make 36 
12x=0, and x= 3 ;- take therefore AB =3, and draw 
the ordinate . and C is the point of contrary flex- 


ure. If x be between o and 3, 36 12 is poſitive, 


therefore the part AC of the curve is convex to AB; 
but when x is greater than 3, 36—12x is negative, 
and therefore the curve 1s concave towards the axis. 
Ex. 2. Let GC be a curve of ſuch a nature that 
if GA (which is perpendicular to AB} be produced to 


any point P, and PC be drawn to any point of the 


curve, VC ſhall always be equal to AG. 
Put AB=x, BC=y, FA, 46. 33 then by 


P 


ſim. trian. PA, B Cv, 4 [PI) : x=/ &—y* CAB 


B 
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q 25 U e =} (Bu) ; hence xy =4+y x 
Vis ne 5 _ the N and IN —7* 


3 Bet 


* =£ 725 x#: no * nſtant ud 

* T7: Ji non mi 00 00 „and we 
eee 1 221. 7 

have „ oy Sov Es which put =O, in 


= NH- 
which caſe the DIES =0; hence y*+3a5*= 
2a; from whence 'y may be found, and then x, 
which will give the point of contrary flexure. This 
curve is the Conchoid of Nicomedes. 

Ex. 3. Let the equation of the curve be y= 180x* 
IO x- +30x*—3 x*; then 4 =360xx — 330 * + 
120 ** 15x*%, and j= 360x* — 660xx*+360x'*x* 
— 60 x*x*=0, or - Xx + 6x*—-11x + 6=0, whole 
ſimple factors are 1 — x, 2 — x, Z=Xz whole roots are 1, 
2, 3, the abſciſſæ correſponding to the points of con- 
trary flexure, of which therefore there are three. As 
— x%þ+63x*—11x4+6=1—XX2=XXZ=—X, when x 
is leſs than 1, this quantity is poſitive, and therefore 
the curve is convex. to the axis; when x is between 1 
and 2, it is negative, and the curve is concave ; when. 
x is between 2 and 3, it is poſitive, and the curve is 
convex; when x is greater than 3 it is negative, and 
the curve will then continue concave. 

94. If by making y=o the equation has 2 equal 
roots, then J paſſes through o without changing it's 
ſign, in this caſe therefore the point found is not 
a point of contrary flexure. And this will always 
be the caſe when the equation has an even number of 
equal roots. 


It 
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If the Reader wiſh to ſee any thing further upon 

| this ſubject, he may conſult Mr. n $ Nun, 

136. TOY 

05. To find the point c of Goatiry bene ”r 
ſpiral, it is manifeſt, that as long as the point A ap- 

proaches to C, the perpendicular Sy upon the tangent 
muſt increaſe ; and after A has paſſed through C 
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towards S, the perpendicular will then decreaſe ; there- 
fore at the point C it is a maximum; hence if we make 
the fluxion of the perpendicular =o, it will give the 
point of contrary flexure. _ 
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ON THE RADIUS OF CURVATURE: 


Proy. XLI. 
To frig 1 the ſecond Aurion of the Aer of a curve. 


96. Let P. BC, Dr be three equidiſtant ond. 
nates, draw M, CE parallel to AB, and let vCs be 
a tangent to C; meeting PQ, Dr in v ands; join 
Wand produce it to meet Ds in r. Now as 
PB=BD, the increment of the abſcifla is conſtant, 
therefore (Art. 3. Cor. 1.) PB or BD will repreſent 
2 


Wn 
EG”; 


F. 


Bey <P. By Wo 
the fluxion of the abſciſſa, which is alſo con- 
ſtant. Now the cotemporary increments of the ordi- 
nates Are RC, Er; but the triangles RC, CE. 
are ſimilar, and QR CE, therefore RC Al, conſe- 
quently the cotemporary increments of the ordinates 
are Et, Ex, and their difference rt; but as the limit 
of the increment or decrement of the ordinate is the 
fluxion of the ordinate (Art. 7. ), therefore the limit 
of r, the difference between two ſucceſſive increments 
of the ordinate, or the limit of the increment of the 
increment, will be the fluxion of the fluxton of the 

Vor. II. K ordinate, 


\ 


— 


the ſecond fluxions of the ordinates. 
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ordinate, or the ſecond fluxion of the ordinate, | Now 
as the triangles Cv N, Cet are fimilar, and QC=Cz, 


therefore 2v=57; and as Q, ar depend upon the 


curvature of C2, Cr, if Land r be brought up to C, 


ſo as to get the meaſure of the curvature at C from 


each fide, it is manifeſt, that the limit of Qv to ar muſt 
be a ratio of equality; hence the limiting ratio of r5 
gt is that of equality; conſequently, the Hmiting ratio 
of rt. : 21s is a ratio of equality. Hence if we take 
275. in two different parts of the curve and make 
them vaniſh, their limiting ratio expreſſes the ratio of 
Moreover, rt 
expreſſes the difference between the two ſucceſſive in- 
crements of the ordinates cotemporary with Er which 
expreſfes the difference of the two ordinates, therefore 
by taking the limit, ſo that the latter increment may 
become the fluxion of the ordinate, the former be- 
comes the fluxion of the fluxion of the ordinate, or 
the ſecond fluxion of the ordinate; hence the limit of 
the ratio of rf, or 27s, to Er expreſſes the ratio of the 
ſecond fluxion of the ordinate to it's firſt fluxion; but 
(Art. 23.) the limit of Er is Es the fluxion of the 
ordinate, CE and Cs expreſſing the cotemporary flux- 


ions of the abſciſſa and curve (Art. 27.); therefore the 


Jimiting ratio of 27s : Cs and CE expreſſes the ratio 
of the ſecond fluxion of the ordinate : the fluxion of 
the curve AC and the fluxion of the abſciſſa 4B. In 


like manner it appears if the curve be a ſpiral. 


PRor. 


angle 
: 7. 
that t. 
therefe 


(Art, « 


treaſon. 


hence 


ar tria1 


x being 
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PRO. XLII. 


To find the radius of a circle in terms of the flurions f 


175 abſciſſa, ordinate and curve. 


97. Let Ac Dy be a circle, © the center, CB V 


perpendicular to AD, brs parallel to CB, Cs a tangent 
at C, and join 1 C, rY. Put AB=#s, BC=y, AC= 
z, and OC=z, Now the triangles Crs, Cyr are 
ſimilar, for the angle 57C=alter. ang. CV, and the 


angle Cr = angle CVr in the alternate ſegment; hence 
r:rC::rC: CY=2CB; but by Art. 23. it appears 


that the linking ratio of rC': 50 is a ratio of equality; 


therefore the limiting ratio of ar: rC is ir: SC, or 


(Art, 96.) = : j : E, the fign = being prefixedfor the 


rafon in Art. 93. the curve being concave to the axis; 


ence ==j: 8:2: 2BC, . 10 and by ſimi- 


lar triangles CEs, CBO, Xx 8 2 23 CO= ——= _ 


9h conſtant, If Ab be perpendicular to AO, and 
K 4 50 
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| _ bC to A b; then conſidering Ab as the abſciſſa and bC 


the ordinate, we have, for the ſame tende C 2 = = 


1 y being conſtant, and & poſitive (Art. 93.) the curve ; 
. being convex to the axis. 
DEFINITION. wn | c 
98. Let AC be any curve, AB the abſciſſa, BY 
the ordinate, Ds parallel to it, Cs a tarigent at C, and p 
let O be the center of a circle touching the curve in C, 1 
| þ 
5 1 
— ws, tl 
C r | oY W 
HIDE . 
| . = 
7 Bj No 8 
my 3 D _ ci Cl 
5 
V 

| fat 

and draw OB parallel to AB, and DbErts* parallel 
to BC; then if, by bringing Ds up to BC, the /imit- op 
ing ratio of 57 : st be a ratio of equality, the circle Is : 

ſaid to be a circle E: curvature to the curve. 

The letter 2, denoting the interſoftion of Ds and the curve FR 


AC, is omitted in the Figure. 
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Pros, Xn 


2 o find the radius OC of the circle of curvature to the 
curve AC at the point C. 


99. Whether we regard the curve AC or the cir- 
cle, CE, Es, Cs will be the fluxions of the abſciſſa, 
ordinate and curve, for ( Art. 23.) theſe fluxions de- 
pend entirely upon the poſition of the tangent, which 
IS common to both; and by the Def. (Art. 98.) the li- 
miting ratio of ar: 57 being a ratio of equality, the ſecond 
fluxions of the ordinates are equal (Art. 96.); hence 
the ſecond fluxion of the ordinate is the ſame whether 
we regard the curve or circle; but in the circle, if x, 


y and z repreſent the abſciſſa ordinate and curve, CO 
3 


= = 5 (Art. 9.) x being conſtant ; hence in the 


curve, 1. x, y and Z repreſent the abſciſſa AB, ordipate 
23 | 
BC and curve AC, the radius CO= = . For the 
53 
fame reaſon CO "77 when y is conſtant. 
When we make x or y conſtant, it will ſimplify the 
operation if we ſubſtitute unity for them. 


Examples. 


Ex. 1. Let AC be the common a to find 
the radius of curvature. 


2 ht | I x _ bd o 
Here as, . y=a*x7, and y = 2 * z, x being 
- | | 1 
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= at the vertex. 


Ex. 2. Let it be the logarithmic. curve ; to find the 
radius of . 


By Art. 44. j=E= (if x be rate conſtant and 


=1) Ln f=T, and i= 2 = 255 alſo S= 


i @a 7 . 2 1 
A = 11 It, hence co. = 


DNN „which being negative, ſhows that the center 
＋ 

O lies on the other ſide of the curve, the curve being 

concave the other way. 
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10 FIND 6 HE RADIUS OF CURVATURE 
TO SPIRALS. 


100. Let CO be the radius of the circle of curva- 
ture to the fpiral SCZ at C, and draw Sirs meeting 
the tangent 7C in 5; then by the Definition, Art. 
98.) the limiting ratio of ar: 3 is a ratio of 
equality, conſequently rr ultimately vaniſhes in re- 
ſpect to 57 or sf, Hence the tangents 2, ty will 


4 
4 
RE 


2 


ultimately form with each other an angle which be- 


comes evaneſcent in reſpect to the angle formed by j F 
the tangents ry and C therefore, ultimately, the dif- 1 
ference zy' of the pergendiculars upon the tangents —_—_ 

1 


to r and t becomes evaneſcent in reſpect to the dif- NM 4 


ference between ST and Sy; conſequently che limit ip | 
{ 438 


= \ e P r ESI. 3 a * * 
q ä E. . N > - e r 8 x 5 . 2 age, — 
een 2 ccc * N * — 8 " 


ob — * 5 
— 9 pl N 3 5 0 
Nr D I ra Dot ue 2 ——B ne Ove” $1: N 233 N 7 * * * * N Ant . Er agate, = * oy -. 
— — n 1 — * * VTG TU Ga irs bs E 3 £24k, 2 Ws. 8 . e * n 2 n 32-4 Bo Hot OTE LIE 2 2 2 Es ng = OI. __ b IR 
5 7 e 8 2 & r 8 8 K r Ee OCT ID TE om IT calf bas” ho al R R ee N wes N 
— * 5 5 1 5 12 MEE? © - by * n n 5 C $6. @ 1 * Nl n 3 i MOSS Wer 3 2 0 ct Age e PETER 
nn is r 3 12 * 6 PRUITT DES of. ITY or dr rt INV og SAS feds WAS IIA TN : 88 k * 9 A els oe 3 IR * 5 W * * IR N 8 : 4 IP 
9 bo a 5 po 9 - 3 9 e 4 EIWE. ., * * — — 
* 
, 


"IM CNEL a FA 


2 


e 


* Cree 8 4 
—— | of 


„ 
i 3 
N 
* 1 8 
„„ 
— 3 — 


T4 Ix —_— 2 
232 nu IRS: 


N . 
44 L 2 
3 2 + 22 2 
=> 3 r 
. 8 42 


5g 
ene 


U e 


7 r k Woe +4 * v 7," * 
T 
PE Se x 
rr rent ee el 
3 — Cn ? 
A 


152 THE RADIUS OP 


/ 


of the ratios of Sy and Sy to ST muſt be the ſame ; 
but the difference between S and Sy", SY and Sy, or 
the increment of S in each caſe, is ultimately the 
fluxion of Sin each caſe; hence the fluxion of the 
perpendicular to the curve and circle of curvature Is 
the ſame. EET 


' Proe. XLIV. a5 
To find the radius OC of the circle of curvature to Yhe 
Spiral at * pos C. 


101. tar SC=y, draw SK perpendicular to C O, and 
let Sy=CK=v, CO=r; now conſidering the point C 
as deſcribing the circle, the points & and O being 
fixed, SO is conſtant ; ; now OS8*=OC®+CS&—20C 


X CK + j*— 27, whoſe fluxion therefore is 


So, or 23) — 210 =0, f being conſtant ; hence 
97 


8 ſow if we conſider y and v 1n reference to 


the curve inſtead of the circle, . or E, will be the 
ſame for each by Art. 31. becauſe E depends only 
upon the poſition of the tangent ; and (Art. 100.) 9 
is the ſame for the circle and curve; hence if we 
conſider the point C as deſcribing the ſpiral, we ſhall 


ail have 95 2 
* 


Examples. | 
Ex. 1. Let it be the nine ſpiral; to find the 
radius of curvature. 


Here y :: : u, a conſtant ratio; hence 9 > 


by = hence OA . 


ay H 


» C ak. 
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If we want to find the chord CY of the circle of 
2My 


curvature paſſing through S, we have CL'= = — and 


the triangles S CZ, CLV being * „ v, or m4, 
che | © . 


Ex. 2. Let it be the ſpiral of Archimedes ; to find 
the radius of curvature, 


l bl 


2 —2 99 ul 
- , '$ \ my 


By Art. 32. . hence V= 0 ＋ * 


— * * + b*\ 2 X Yue - 2 **+ 


2 KY o 2 74 
2 8 N hence CO Y 
r mW *+6*\z | 11 
, ee, vi 
102. The ſame expreſſion for the radius of curvature Wy 
will do for all curves, where the relation between S2 WIR 
and SC are known. For example, let the curve be a . 


parabola, & the focus, and a= x the principal latus rec- 
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many different ſyſtems of logarithms as we pleaſe. 


SECTION IX. 


ON LOGARITHMS: 
Proe, XLV. 


G; VEN a number to feud if's Io , | 
103. Let 1+x be the number, b it's logarihey, 


and „ the modulus ; then (Art. 44-). 5 = BE. 2 


n XK X—XX 155 x" * — . &c. hence by taking the 


fluents, y = m X x —=x ＋ 5 4 c. which 


wants no correction, 3 when x o, y vaniſhes 
as it ought, for then the number becomes 1, whoſe 
log. =o. Now this ſeries will converge the quicker 


3 
= the log. of 2. If m=1, y=1 _ + Kc. the 


h. I. of 2. Hence, as we are at liberty to afſume #: 
what we pleaſe, we may, to the ſame number, have as 


the ſmaller x is. If xz=1, H ILT c. 


194. But 
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104. But to find a feries _ ſhall converge 


quicker, let the given number be =, then (Art. 


44. e "a _ MX NT * &c. whoſe 


—_—_— 


fluent i y=amXe+ g a+ be &c. If y=1, we 


14 — 


get N &c. for the hyp. log. of 


I +x 
Fr Let F =x 


hence 
x = ©0,33333333 
1234567 


, then the number becomes 2; 
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This h. I. of 2 is true to 6 
places; the true value to 7 
places being o, 6931472; 
and it would have required 
at leaſt 100000 terms of the. 
51 | ſeries in Art. 103. to have 
III given the value to the ſame 
o, 3 46 57354 degree of accuracy. 
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The common log. of 2 is 0,3010300, Now 
theſe different values depend on the different values of 
m, and in the former caſe m=1; hence 0,6931472 : 


o, 3010300 :: 1:m1n the later caſe = ,43424948 the 
| modulus 


SN LOGARITHMS, 


modulus of the common ſyſtem. Hence if any eom- 
mon log. be divided by this modulus it gives the cor- 
5 reſponding hyp. log. Or if any hyp. log. be multi- 
| plied by it, it gives the correſponding common loga- 
rithm. For the various methods which have been 
invented ta calculate logarithms, t the reader is referred 
to Dr. HuTrox's very excellent Introduction to his 
Tables of Logarithms, and to Mr. MASERES Serip- 
tores Logarithmici. 
' 105. By Art. 42. a ſet of quantizies 4, A*, A*, As, 
A*, &c. in geometric progreſſion will have their lo- 
garithms in arithmetic progreſſion; hence the indices 
o, 1, 2, 3, 4, &c. may repreſent the reſpective loga- 
rithms. Now in the common ſyſtem of Togarithrgs, 
A=10; hence the logarithms of 1, 10˙, 105, 106 
104, &c. or of 1, 10, 100, 1000, T0000, &c. are o, 
I, 2, 3, 4, &c. And if between 107 and 100, we in- 
ſert an infinite number of geometric means, as 10", 
10% 10%, &c. # being indefinitely ſmall, then ſome of 
theſe means muſt neceſſarily make up all the inter- 
mediate numbers between 1 and 10, as 2, 3, 4, 5, 6 
7, 8, q, or at leaſt be indefinitely near to them; the 
indices therefore of fuch means muſt be the logarithms 
. of theſe numbers; for inſtance, if 19” = 2, then n = 
* log. of 2; if 10 9, then a = log. of 73 and fo for 
any other number. 
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ff DEFINITION. | 
A 106. The meaſure of a ratio 1: N is the number 
. of times which any other aſſumed ratio 1: A muſt be 
4 taken to make that ratio. Thus, if N = A?, the mea- 
{ure of the ratio of 1: A? is 2, that ratio containing 2 


ratios . | 
107. The 
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107. The ratio of 1: A4, 1: As, 1: A, Re. con- 
tain 23 3, 4 &c. ratios of 1: 4; hence the indices of 


A expreſs the number of ratios of 1: A which that 


ratio contains; for inſtance, 1: A“ contains 4 ratios 
of 1 : A; hence 4 is the meaſure of the ratio 1: A.; 
alſo the meaſure of the ratio of 1: 4® is n, that ratio 
containing m ratios of 1 : 4. Now if we put A= 10, 
then the meaſure of the ratio of 1: 10% is m; but by 
the laſt article, m is the logarithrh of 10®; hence the 
logarithm of any number is the meaſure of the ratio 
of that number to unity. In this ſenſe, logarithms are 
called the; meaſures of ratios, the logarithm of any 


number N ſhowing how many ratios of 1 : 10 are 


neceſſary to make the ratio of 1: N. 

108. Hence every ratio : M has ſome certain med- 
ſure; now that ratio whoſe meaſure is n, the modulus 
of the ſyſtem, is called the Modular Ratio by Mr. 
Corts. 


109. If x=y", then by n the logarithns of both 
ſides, log. x = x log. y; hence if we have any equation 
of this form log. x =» X log. y, then will x=. 


LEMMA. 114 
A+Bx+Cx*+ Dx + &c. 


4 ＋ bx cl dw +&c. J r 4 


110. If 


FI XTC TSX DTX T&c. o, what- 


ever be the value of x; then muſt A o, B+b 
2, Cc o, &c. For as we may take x of any va- 
lue, let x o, and then A+a=0o ; hence the remain- 
ing part, Xxx CTX DPTAXN T &c. o, 
and dividing by x, BFb4C+cxx+ D+dxo* + &Cc. 
So; let æ o, and then B+4=0; and thus we may 

pro- 
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proceed fof all the coefficients. Or we may confider 
it thus: The equation cannot become = o but 
- when it's roots are ſubſtituted for x; the equation 
therefore cannot vaniſh for every vale of x you 
may aſſume, unleſs you make every term vaniſh, in- 
he of x, by making each coefficient o. 


| Pros. XLVI. 
Given, 4 logoritlm to find it's number. 


111. i 8 I +x be any number and y it's logatithm, 
then 7 —= =, hence y =mx, and Ty me o. 


Aſſume 3 +cy*+&c. then $=aj+2byjb 
3:35 +8&c. ſubſtitute theſe values of * and x unto 
yy = m o, and we have; 15 
n * o; hende, (Art. 
—may —2mbyy — gmcy'y = &c. 
110.) 1-ma=0, a= 2mb=0, B- gc o, &c. there- 
a W T 


I 
fore a = 4 26 © 


5 Kee: 
2m 2m 


hence æ 2 2+ Lot 2.5 „&. conſequently oe: 


1+= * 2 33 1 5 T&c. the number whoſe loga* 


rithm is y. 
If n r, then 14* 21 45 33 S &c. is the 


number whoſe h. I. is v. 


' PROP, 
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| Proe. XLVII. 
To find the modular ratio. 


112. By Att. 107. every logarithm is the meaſure of 
the ratio of it's correſponding OO to 1 ; hence y 
is the mtafure of the ratio of me 2 5 : + > OE — 

2m 2.3 11 
+ &c. to 1; now (Art. 108.) the Mee PE ratio 1s that 
ratio of which the modulus is the meaſure ; hence 
if we make n y, m will become the meaſure of the 
above ratio, and the ratio will become the modular 
ratio ; 80 make n = y, and the ratio becomes 


141 1 +> + 7 + &c. to 1 for the, modular ratio, 


which is therefore the ſame for every HON it being 
independant both of m and y. 
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ON THE FLUENTS OF QUANTITIES: W ci 

Prop. XLVIII: = 0 I + 

3 tern = whi 

0 | the fluent of PIP mh inde 
113. Put a” = P, 8 *, then 1 x; 4 5 * 


2 &, and 2 * , hence F = = x 
Pg = =; K 5 Ee 23 weng (Art. 46.) F = 


& CIT. arc whoſe rad. = tun. =x; 
al 


PRoy. XLIX. 


2—15 


To find the fluent of _ * 
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I XLVII. 
To find the modular ratio. oO nn 


112. By Art. 107. every logarithm is the meaſure of 
the ratio of it's correſponding AO to 1; hence y 
Is the meaſure of the ratio of 1 7 9 7 7 | = + _ = 
+ &c. to 1; now (Art. 108.) the cw ratio is that 
ratio of which the modulus is the meaſure ; hence 
if we make n y, m will become the meaſure of the 


above ratio, and the ratio will become the modular 
ratio; 1 make * =), and the ratio becomes 


141 +: + 7 + &c, to 1 for the modular ratio, 


which is thetefore the ſame for every ſyſtem, it being 
independant both of and y. 
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ON THE FLUXIONS OF EXPONENTIALS. 


DEFINITION. 
113. A< Quantity is called an exponential, when 1 it's 


index is variable. 
PROP. XLVIII. 
To find the fluxion of us. 
: rea =2, and let X Sh. l. 4; then by the 
nature of logarithms 55 =Z, hence yX +Xy=Z; 


but by Art. 45. X = =, and Z =" 


. E conſequently 2 = foo 45 2 =) xI"x + 4 wy. 


If x be conſtant, Phat * o, and 2 & *. 


If y be conſtant, y=o, and S , as in Art. 


11. 
Pnor. XLIX. 
To find the fluxion of x”, 
115. Put 


; hence 7 7 


i 1b* 


cir. arc 


Tf 


* 


Wh 
1 4s 
1 15 
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115. Put x = ww, and let * =, then v*=20; 


hence if Y= h. 1. v, we have (Art. 114.) w=2v*"0 | 
+Zv*2Z; but v, and v=yx%""x+Xx%9 ; hence | 
by ſubſtitution, = 2x7" x yw9—ix + Xxy + Z xs #' 
of « | . WV + | | 0 
=29XF N l x39 Z x Z. If any 1 
one of theſe become conſtant, it's fluxion =o, and the f 
term vaniſhes where that fluxion enters. In like man- i 
ner we may find the fluxion, whatever be the number ff 
of quantities, The meaning of this notation is, the z [| 
power of x?, not the * power of x. If this latter had 1 
been the meaning of the notation, we muſt have put |. 
* , inſtead of x =v, a 1 
ON THE FLUENTS OF QUANTITIES. $1 
A 1d . * 
To find the Finke of — or” =#; 45 
| 2 2 Zz 4 #8 
116. Put ar 5 7 23" N 7 then 2 S&K, «4+ 2 X : lg 4 
8 S &, and 7. „* A; hence F = 2 n 
* NN 80 ROW 
15 2 
— 555 33 conſequently (Art. 46, F. 775 4 


cir. arc, whoſe rad. 5, tan. x. 


Por. EI. 


70. find the fluent of 5 * 
L 2 117. 
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117. By the ſame ſubſticution, * * - X 22 thi 
265 n 
* . hence (Art. 45.) Fe — x h. J. a + 
| het 
Proe. LII. 
22 22— 15 | » 
, to find F. 
Let F AT- 0 fin 
118. By the ſame ect F. = -X— pen . a 


hence (Art. 45.) Fe xh. . 3 


Pane. LIII. 


Let F = .. to find F. 
V 


a" — 2* 

JF * 
2 | o , 
= * = ; hence (Art. 46.) F. zx cir at, 
md. + 5, ine x, 5 


119. By the ſame ſubſtitution, F == * 


Proe. LIV. 


* | >" 
Lea F 
e Wm gr up peg, to find F. 


12. 1 


5 . 
oy r 
Va r n * : 


then 
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then 2* e Hier hence 2 ee 


+ <=(by putting ⸗ — Le) x*+4*; alſo S &; 


e . by Art. 45. F= == 
hence F a X e by Art. 45 1 
X h. l. x+/x#*+4*. 
PRor. LV. 
i * 
F — 
Let ad. pr to fe JE F. 


121. Put * , then K Æ = DEI allo x"=2*; 


2 
3 F 2 1 = r; whoſe fluent is given 
in the laſt Ts 
Proe. LVI. 
Let whe am = to find F. 
= : * | 
122. Aſſume D , then Art. .) v= h. l. 
I a* +x* ( 45 ) | 
x x + Va + x*; put 10 He x. TN then 2 = 
a + 2 * ax 2 2 * 


eb 2, 


V Pere Fare, Jar 
hence F Z= U, >< FZ = 2 za Y. Call this F 


Prop. LVII. 


123. Aſſume 
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* — 


; ax 1 
123. Aſſume e then (Art. 46.) V= 


Cir. arc, rad; = Sa, fin. = x; put 20 8 V , then 
a4 - 2 * 2 * 13 
70 = = K— — — 2 av 2F, 


| Var -& Va wy Va- 


hence F Ha- ib, . F=zav—zw. Call this 9. 


- PRop. LVIII. 
to find F. 


. xx 
et Þ =————— 
Le | "SS a* at 


124. Aſſume v = Va af IT, then v = 
34 N A* 3 L 4 * | 


Vans ar, Fa 
119.) + Tl, hence Pu-, and Ff 


3 
5 # EF: 
Proe, LIX. 
Let H=. to find F. 
125. Aſſume vr V d, .  —x*, then 5 = LR SNL 
Va. * — 


a"x*xX * 8 
T FS I 34. Ck ka. 4 


hence F = =3"g 1 1, and F 1 — Iv, 


In this ke we Ay: continue the fluents when 


the numerators are x X, x*X, *, &c. by aſſuming 
v. 


rc 


of 


th 
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v=v Pn" =x", SF”, VFEES, c. 
reſpectively, and by taking the fluxion you will, in 


like manner, get v in terms of the given fluxion and 
of the next inferior fluxion, 


Pnor. LX. 
Let F =w"k& of , u * an even number, to 
find F. 


126. Multiply and divide the fluxion by VN 
and F = © — 
v a* xX 
x in the numerator are even numbers, the fluents 

4 x . xx 

17 S Va x 
the method directed in the laſt article. 

If z be an odd number, F may be found by Art. 41. 


; hence as the indices of 


may each be found by 


PRor. LXI. 
Let F =xY2ax N, tofind F. 


127. Let the radius 40 a, AP =x, then the ſine 


C 


pP vo=# „ „ © =x/2ax—x*= (Art. 49.) 
the fluxion of the area APM; hence F = area APM. 


L 4 Proe, 


== * 


—— — 


r 


5 2 2 n 
. —— . 
a o 2 * * 


- * * 
— —A—ñ— 6 

— ——— I'S 
„ 


3 % — 3 
N — OTE oP pron wy 
tk. IR WEE a9: l - 


— 


. — Dd 1 
CE demo ae ee i, 
— — 3 — 


LC EI 1 — — 4 2 2 
r *y dee ante, 0.204% — 2 3 = 2 4 = 
: 2 — ont — _— - — 2 
2 ———— — - = — 


— 


— \ = N 2 * — — — — 
— Do. 2 5 
— ns > roo. —— — — — — 3 — C 
WY" 5 — — 2 — 2 
> * d. — 


x 7 
2 — 
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8 2 Por. LXII. £5 
"Let nei. ad 


*% 


128. Aſſume W==X Zar , — W=2axX=xx 


X V2 ax—xX*=axX/2ax—3XF—F, hence F 
axy/tax—ax*—W, . F=a X area APM—w. 


PROP. LXIII. 


ws =, to fnd F. 


er — * 


Let F 


| e ax = xx 
129: Aſſume 0 Vd , then 0 —— 
Vaꝛax -& 


1 K 2 4 5 
Ae. x af 2 486-85: 5" 

LG Logan a 
hence 2) 1. ng hat ”_ (Art. 46.) F=sz 


W, 2 being a cir. arc, rad. = a, verſed fine = x. 


Proe. LXIV. 
Let F WEE , to find F. 
XX 4 | 


130. Divide the num. by the den. till the index of x 
he * remainder So, and the remainder will then be 
hence F =X"""X CA 4 . a 


; therefore (Art. 37. and 45.) F = —+ 


X - 4 


411 m—2 
„ * — ee. He- xh. i * 4. Here m muſt 
be 


t. 


2 3 


n 


— — — — oe 2 T . Sides 
— — W's * . AP. = <a * N £64 Iv DO 7 
* — enn —————— — — —.— > — 


. eee 


— 


| 
continue 


5 . a . 
> 8 BE > 4 Tru 21 12 — &c. 


22 


; 
— 


1 

My ka; a ; 

+ — * 3 * Si 

Q Dn 

DJ 8 nm ud 1mm —15 25 
: 8 3 . mm 

3 þ Pr, 

S B N 22 4 6 

eo £ 9 8 Zriman—1 

2 * 4 a b* 

Q- VS 
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Y 
5 
Y 
N 


= 
N 
5 
8 


Let F 


1 


= a 
32 
8 
1 
Y + 
= 
2 8 
= 8 
SY 
5 8 
3 8 
2 8 
© © 
LEY 
8 
12 
IE) 
3 
3 
3 © 
2 
S © 
28 
8 
OO © 
33 
*8 
£& DS 
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continue this divifion till the index of 2 in the 


remainder becomes m2 — 1, and To remainder will be 


a OY . A 
I'>» 
3 hence F= > ** 45 


| —_— Wy 


1 ROTATE” 


S X Py FI hence (Art. 37. and 4) 
. 3 
5 n c. y h. 


a+bz”. Here r muſt be a whole poſitive number, 
otherwiſe the index of x can never become m— 1. 


LEMMA, / 
1 K 2 L M 
=D + &c. 8 & 19 * &cc. 


Let = — 


to find K, L, M. &c. 1 a, = 65 * are the 


roots of * PN + &c. +0. 


132. Reduce the fractions to a common denomi- 
nator, and it will be the ſame as the denominator on 


the left, and conſequently the ſum of the numerators 


=1; hence KX -x CX & c. LXxX -A XX 

* &c. M x AXA x &c. +&C. = 1; now as this 

is true let x be what it will, make x , and then 
i x 


_— Nw 
a - XA CX & c. 
Make x = b, and then LX VAX H & &c. , 


55 A 
6 — — In like manner we get the 
b—-a4NþÞ—cCX QC. 8 


other numerators. 


KX AXA Cx & c. 1, . 1 


PRO. 


— N alk —— 


T 


5 } : N. " : b 0 N * n a> 2 p e 
ö METS «I 3 * n 4 3 > þ a e Ws: ö . 8 ern * 7 DE TE CI EST, : => n a » 
. 3 Kb WWP J) . ² ˙ͤ , ¾— EAT ¼— P ““,, I . PoE; Ee? . r 2 5 ö e wo 
EEE PII CIP I Ot OR li!!! Oo or Le I ß Fe RE EB d LN IR S 5 3 7 : ei 
1 5 1 1 JJ y . EI, OS : a x 
bo 2 8 3 2 TON IH IT 7 0 
* 
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| PRoe, LXVI. 
| 3 
1 Le FN. 
poſitive number. 


, to find F, in being a whole 


I oh. a _- | 


then K, L, be are kiowil by 8 laſt Wan hence 


x"x XN Las 
D r. e i + XC. Now (Art, 


127.) the fluent of = is Ker | Lox —— + &Cc. + 


Ka x h. l. KA; in like manner the 9 of all the 


other quantities are found, the ſum of all which is 


F. Now the ſum of all theſe quantities = K+ L+&c. 


- + &c, + Ka" x b. l. 


x —a+LPF X h. l. x= + &. But by DR. Wa- 
RING's Med. Ag. Jaft edit. in the Addenda, K + L + 
&c.=0; Ka+Lb+&c.=0; &c. through all thoſe 
terms, when n is leſs than 2; in this caſe therefore 
F=Ka"Xh.l.x—a+L6" xXh.l.x—b+&c. Ifm be 
equal to or greater than , the coefficients of the 
firſt „- 1 terms will become = o. | 


X — KTI &C. X 


— 

Xo pi +> &c. 
7 7 

may be reſolved 3 into = + 2 + = =+ . for 


134. If m be leſs than u, the quantity 


in this caſe F 


X &c. & c. hence if x , 2 — » 
„ 4 RA & 


if 


5 


. 
_ „** — - ___— rs > en — — — : — — ens — — - 
* — — : SIE < —_— — — — 0 _ — = 
+ Y — . 2 2 — 
— EMCI” —— RT 2 — 24 = — Dag. — 83 — — — ke —_— — 
3 MM 7 p = 2 - — 5 4 gens —_— 
- 82 — Ce II > — 3 o 
—— — _ — _— —_ - _- * — — — — _ — * * 2 ah - 4 
rr r . — . . = ; 
—— — — em orig ro, — PRO OO —— 2 
ä r 99 019 22s ; 3 . pms EI. - 
rs l — 2 —— 2 4 —— 1 
— — — 2 C — 4Þ-- LY 2 
—— 123 — K * 
- rs —— 43 
= b — 


CG <a 2 yu. 52 
— „ — * A. 3 


— = — — 
* 


— — . - TIL D 2 — — 2 E 
— — — — : * —̃— — 2 
5 : = — — - = £ on. Pe 3 o 
fn yn — mo he = — . = A - — — 5 2 © = — 
— - . 8 By 2 — — 
& _ ” — E — bio TR A Soy oe ” —— 2 _ * — — — + — 2 2 =o — — — 


* 
\ 


— 
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ä jo 


if xb, 3 — os. The reaſon 


ene. 
why m muſt be leſs than # is this: The equation 


KK XN e ee tx oO c. I &c. 
J＋&c. - * o; and that this may be a/ways true, the 


coefficients of the like powers of x muſt be aſſumed 
=0o (Art. 110.), and by ſuch an aſſumption you 
would deduce the ſame values of K, L, &c. as above. 
Now the product of each of the quantities into which 
K, IL, &c. are multiplied is of #— 1 dimenſions in 
terms of x, there being » — 1 factors; hence if m be 
greater than 2 — 1, there is only the term in which x 1s 
of m dimenſions, therefore this term can never be made 
to vaniſh generally along with the reſt. But if m be 
equal to or leſs than 2 1, then this term x* will come 
in with others having the ſame power, and the whole 
coefficient will be made S o. 
But the denominators may be otherwiſe expreſled ; 


for as x AN ex & c. - p & . by tak- 
ing the fluxion we have XX# —bX # = &c. TA X 


X=—4aXx=£x&C.+&C, =1x'X -I. p? + &c. 
hence if ͤ =, we have a-bXa—cX &c. . 


1 — I. p &c. If #=b, then b- axb—cX&c. 


= ub. == I. p. &c. and ſo on for the reſt; 
hence take the fluxion of the given equation, omitting 
x, and write a, 6, c, Kc. for x and you get the 
denominators. 
Hence when m is leſs than », the fluent of 
m 7 ; 
. is K X h. l. x=a+L x h. l. x5 


&C, 
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&c. which agrees with the concluſion in Art. 130. 


becauſe K = Ka", 1 L, &c. 
135. If two roots a, b, be equal, one of the quantities 
a have a quadratic diviſor æ a*. For example: 
Let 3 AT Ro then redu- 
— pa T * —Y * 4 


cing 2 two quantities on the 80 to the ſame 
denominator, and making the numerators equal, we 
get LX LSœ . ＋ Mx-Mc+ Nx*—2 Nax + 
NA. -I o, hence (Art. 110.) making L+N=o, 
M Le- 2 Na SO, - Mc+Nd*—1=0, we have, 
Na —1 Na- 


L =— N, M= . conſequently + 
Nc-2.Na= oh therefore N = =; L = | 3 M 
a—c —— 
24=c x 
22 Hence the fluent of - D 


3 Nx 


2 . Pap may be thus found. Put x 4 


Lxx+Ms 
NN = (if 1 5 == 3 


2, . 3 and =; hence 


whoſe fluent (Art. 45. — 37.) is LX h. . 22 = 


LX 1 ; and the Rem of 58 is Nx 
_—e * — C 

b. I. c. | 
136. If two of the roots be impoſſible, thoſe two bi- 
nomial fractions muſt be incorporated into one. If 
; | I 


th 1 
"or 
wi 
. 

. 

: y 
f j 
1 
i 4 
i q- 
W 
e 

. bs * 
18,91 
1 
117: BBY 
: 1 
1 Hh ** 
VEIN 
(1 ; bf 

{ $1 
1 
| | 

9 

A N 

1 

1 * 
7 

t & 
: 3 
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11 L. M 


pr P 1 
b be impoſſible, then e 7 : * #; = 
L+M * -= Lb+Ma 1 

x*— a+bXx+ab 
tities vaniſh, as will appear by lubſatuting : m + 
1 I for a, and -A —1 1 for þ. 


Prop. LXVIL 


A en to find F. | a 


137. put x—ip=2, then xz ＋2p, alſo & 2; 
hence dx d, and cxx zx pe, . cx ＋dA 
Sc AETTPCTd x2 (if zyc +d=e) c 2 Tez; allo 
| £467 649.07, e hence n og 
(if q—zp* e according as 4“ is poſitive or 
negative, or according as the two values of x are im- 


- cz Ze 62 2 
poſſible or poſſible. Hence # . 


4 


22 | CAS 
= OT Now (Art. 45.) the fluent of === 18 
——ů— « 2 eZ ; e 
2c X h. l. 2 . Allo, taking + - ATE ÞX 
: S. ite fluent (Art. 46. ) Is * cir. Fs rad. 
eZ 
Da, tan. z. But taking "2 bo = == x 


=T ib fluent (Art, 45.1 ) is — — X h. 1. 


t 


2282 


MT 


+ Spas and 4 and 


whare the impoſſible quan- 
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call the fluent of this ſecond part B, and P==eX 
h. 1. ZE2*+B. Call this fluent Q. 


5 Proe. LXVIII. 
* ba 


Ion F< 


5 T „ To find F. 
138. If * roots be both * then (Art. 129) 
in 225 L . 
reſolve —; 7 T5 465 - and F = . 


— whoſe ok found BEE 127.) But if 
the roots be impoſſible, divide 2 by 2*— pz+9 un- 
til the remainder becomes c22Z+e2, c and e being put 
for the coefficients which ariſe from the diviſion, and 
let the quotient be 2*—*Z+a2""2 +b2*+z+&c. 
where a p, B p- & c. hence # = 2*=*2 + a2*—3S 
es 

= IP conſequently (Art. 


21 m—2 m—3 
37. and 134.) Fe += . 
If m=2, then F=2+2. | 
If m=3, then F=3 2* +az+Y, 
If m=4, then F=; 2*+; az*+bz+2, 


+ 35 2*-42 + &c. * 


PROP. LXIX. 
Let F= 7 Fr _ zo find F. 


I 39. Put #=-=2"", then g__= and x*—=*; 


' rn Wm CSS — 
k — . - I 
r CR .... ̃ ̃ ——. 
r= — — — =_— 
ED rd, —— eo nn =ne i 4 — — 
— i= = ae 4 f — be” 
— EEE * NE 2} ” ee — > x. 
5 . > — — "ps — — — ——— - 
—— 3 = n 


— * r 2 A 2 
A —. — 
2 ==: - — — 
— — — 
= — — — 
= = —— NI — 
= 4 — 


———— 
— 


* 2 3 — . — Er nne 
> IM _— 8 — 8 
- E — 12 — — — ae <4 — — 
* — Err  __ MC 


8 


* * NY 


> — 


. A AE Ss ad ed Lc 
K 
r 9 _ * as A ge 2 

5 * i 2. 


3 
SCOPE”, 


$2. 
—— 


* 


4 Ce EK Le R A 3 ig tay _— 4 _ N 
7 bz — 4 YI BEDS eee — 8 —_— = = a 
r e onde eigen on Ca 2 I TDD To i an, — — 
1 by n E * 22 3 e 0 n * IS. 7 7 = A F F 15 N n 5 R 1 
K 1 N - * p A — * n N 4 1 n . F N 8 nne * * 

— 2 * 
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= F r n A ＋ ; 


—, which! 15 che lame 's as the laſt form, 3 


| Pror- LEXK; 


? ere, of LIES hy” | 


7 * 


put ins x, and Wen x &; alſo = EZ = |, 


140. Firſt, F 


5 2 
e oe waited 5 
* | Gori 
=—= X ; and (Art. 45.) F 


d- N 6 
Nh. I. re If d be negative, F _ 

* A ht 
* n= "i N * and Fes 46.) 


F — 
22 


X car. arc, rad. = d, ſecant &. =O, 
| | the 1 


quent 


ProP. Vo 
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Pao, LINK, | mi 


r to find F. 


2 „ 23 


= p. a”. . 42 „ 
144. Put 8 then & = — 2. hence — * * = 


2x . x I xXx 
_ therefore F = * = — TX TEE_=z5 
8. a* a* — * +©« 

a 


1 | 3 
hence (Art. 39.) F= 5 * Hie, 


Por. LXXI. 
„ TSV 
— d F. 
Let 5 7 to fin 
145. put * N , then 2˙ 2 = , +, 2 
= =x%, and P+2*= NTC = pil =bþ* 


+) N = hence F = -M =; but if a 
N 
5 
„„ 


=04, x= OP, then PM V =, hence F = — 
the fluxion of the area OPMN (Art. 49.), conſe- 


quently F - area OPMN. 
* 


Vo. II. M 


— 
RY 


* — 


r 


: 
Won Hs Dent 


22 Tr 


DOES 2 
c . . : 
- Den 3 Kare; 2 q © tr EIS DAG ADE got! gr 2 
= om r 7&4 oats > "oh Oe Poet, FO IE N 9 ä 
E N — as 2 rns S * r . 75 N e hen a - 
, A 3 rr . a EE RIES E mur a . 
1 Rd ES "I LIE TS 25 CI "TAR; SS . - 1 ISIS EA wh 88 * 2 — K — 
A * = 8 . A . r . * e 
* & * 8 0 bs 1 e — 
SES! - ICEM p * * 
ren * 
. 
bn 


TTT 


— 
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e x4 | 


To reſolve — 


P 2. R | 
+ er! ke. '+ ä : 
3 5 - ars * + #+b = 


&c. continued to m and quantities e 


146. Reduce the Re to a common denomi- 
nator, and make the numerators on each ſide equal, 


and (4) Hxx+3+Kxx+d xX*+a+ LXAT Y 


Ta +&c. + PXx+a + 9X Ta Xx + RX 
Ta Xx+}*+&c.=1, Make x+a=0, or x=, 
and every term, where x+& enter, becomes So, hence 


| : 3 IT Fae 1 | 
He KTB =1, or HXb—a AI, H. x Take 


the fluxion of equation GJ, and omitting &, we have 


(B) HN EN Xᷣ E 
+&C.=0; make K = -a, and we have He $7, 


1H ee 
+KXb—a a =0, "PORN K 5 ; thus 


by continuing to take the fluxion of the laſt equation, 
and then making x a, we ſhall get the values of 
L, d. In like manner, if we make & TY o, or 


I 
x ==, then — then by taking the fluxion 


of the equation and making æ = —b, we get Q= 
— 


* ; and by proceding as before we get R, &c. 


4 — 


PRO. 


Nen Wen * £ "TT WES SAY 28 wennn 138 - 2 2 — **. a4 £ RE OF 88 1 8 * n Nena 3, OP G 4 4 * 2 
„ OE EL LE wes WIS.) ae A NES R 9 Y > = 295 Fr - 8 A E / nin 35 en SA TOE Sr Piers! 
j GGG . STINT 


r 
Q 9 * 
£ 1 


FLUENTS o _ nTITIES 1% 
* "3 2 | 5 
"Let 3 e — . fo f 9 being Pk 


| x+a 22 
poſitive number. i 


— — nee 


N 5 0 „ HA 1 "a 
x+a Xx +4 © 


— — Fo — — — 2 > = = 8 . * 
Een Ye ens nr ee „„S XY PEE = | 
wy — 2 2 D = — — 2 5 9. SE OS 7 p EX 
l - AS SS Dt —SBat 2 = En 4 Rs PI. 8 | ite ' 
QSO onthe PILE — FHIE AE LE C » — —— — — _ — — — — — ——— L 
— * — * — Ul 
— — — 1 —— — 1 — . * 


— _ — 2 -— _—_ — — — 
8 We _ 8 — "Xi oe 5 
r= 35 — —— 5 — — — — — — ES, - "7 Ei m—_ 8 — — — 
— - A he = — * 2 - — — — — — — — Ws bi 8 — — — 
= ein" „„ 2 : . — * SE; r 2 — * — 
> — — — — —-— —wb— —— — 8 — by — 22 
—— —— — — — — — > Ae 5 — g — 
— — 2 : — 1 £ ST 


og — Abbie 
_— — _— Wl 2 4d = 


Pare Ar | | 3 
= A &c. Put x+a=z2, then 2 
* ＋b 


— 
_—— — 


8 and XX 2 2 a * 2 » hence — 
* 


CMS 22 
. — — 


— = — 
r 


| „„ 
a, 2-4 


8 Ga rr "=" — 14 "ERS 
— &c. where the number of the terms =r+1, and 
the fluent of every term is found (Art. 37.), except 
that term where the index of 2 is = 1, whole fluent 
is found by Art. 45. and the ſum of all theſe is the 


fluent required, 
| 


. 
— 


Fuer, LE 
Given A the fluent of e+fx"\" x xx, to find B the 
fluent of e+fx*f" X xt+"x, and C the fluent of e Ef 
* x#x 


142. Aſſume 9 = e+fx"\ "X x#+!, then 9 = 
N X e N NI FN x xt 
PIX C+mÞ+1X nf X B, hence by taking the 
fluents, B ÞF1xC+mFixnfxB; Allo efxl"t* 
* e N NN K e. 
IN 9 ex, that is C e Ad +fB, therefore 
M 2 C2 


7 
* 
{ts 
by 
1 
1 * 
4 1 
9h 
" 
& | 
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19 
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1 
1 
1 
Ys | 
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1 1 
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f vos? 
SF 
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n 
1 
4 o 
1 * 
oy 
* 1 
$1. 
d 
f 
\ 
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n 
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HP, 
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* R 
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2. 
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2 
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 Q=p+ixC _ C- 4 „ ue, 


1 ＋ ä 
. 7 8 x RIS — — N 
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C=eA+fB. Now from the fr fluent, B = 


* Sat xc : and from the ſecond, OO hence 


TINA NY ak 


m+1Xuf 1 fi 15 PTITMTIXA 
C-ef4 C. 4 Q+m+1Xne4 


4 uently B = — =, 
8 | W DN 
5 4 Hence we „ the fluent as far as 


. 
we pleaſe, increaſl ing m by 1, and þ by u. 


Let =, f=1, m=—+, po, u=2, then 4 


; and A h. I. 25 ESE (Art, 45.) 


hence B the fluent of . i + TN 244 


57 


- | : ; i L f 
as in Art. 122. alſo C the fluent of FED tu zx 


a + x* \ + Lad. 
E 
Proe. LXXIV. 


Let FS u, where vB. I. — to find F. 


= ; 


14 


v 
1 ee hence r OTE uſe v BASE 


: . 1 
= — — = (by een) — ED X 


— 


- = xx c. + —, thanks r= 


——— * 
77 
4 * 


889 .. Rn FI 


FA) 


2 
'4 Chis 
* 


odd; hence r= 7 X = — + — 
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-5 4 £4.09 2 S „ 
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c, &c. being variable coefficients in terms of x ; hence 
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the terms =; and 1 may deſtroy each other 5 
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the fluent of — r have 9= 13 x p; con. 
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154. It frequently 8 that a Auxidial equation | 
contains two unknown quantities, in which cafe, they 
muſt either be ſeparated, or reduced to the fluxion of 
ſome known fluent ; but no general rules can be given 
for this purpoſe, and the reductions muſt be left to _ 
trial and the {kill of the Analyſt ; the following Rules, 
however, may be of ſome uſe. 


RULE 
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 Afoultiply « or divide the given equation by fame: e 
of the unknown quantities, ſo as. to bring tlem to a form 


whoſe finents may be found by ome of the rules. already 
Rn or to the fluxion of a known t fivent. 
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Ex. r. Let 2 FEE 2 Nu both ſides by 


ary and it "lA ut Kur- Snarlex; 
now the fluent of the firſt part is known from Prop. 7. 
to be **, and the _ of the other part is found 


nav 
S (Art. 3). Ye be == 7 


na xt + 
fluents 1 7 r Kun Sun . PA d n 
Ex. 2. Let X—x2*=f2*. As & does not enter 
| into this equation, in deducing the fluxional equation 
for the fluent, 2 muſt have been ſuppoſed conſtant. 
Multiply by & and XX — xx2* He. „and as æ is con- 
ſtant, the fluent is z — g = fx a.; hence 2 


; hence he equation. of the 


| 7 whoſe fluent (Art 45.) i 2 h. . 


f+x+Vifx+8. 


RULE. 2, 


Sometimes the fluent may be found, by affinings-3 a new 
variable quantity. 


Example. 

Let az=zx-xx, Aſſume z=a+x+v, then 
ZS=x+V; hence by ſubſtitution, ax +aV=ax +xx 
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Tena, therefore av=vs, or a; [hence 


(Art. 45.) x=4'X h. I. v; conſequently MAINS 


4 X h. I. v, and by ſubſtituting for v It's value 2—4 


rern ; 
x, we get x=aXh. I. Z- a- x. 


"ROLE 3. | 
The Auer may ſometimes be found, by frf putting the 
equation into fluxions, — one of the JO con- 
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Let 5 5 h Make EIT conf, and 
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ry 58 ©, he nee DHIKE of | and 155 | 


x * N, conſequently * = * 5. ene 
(Art. 37. and 39. ) we have art = 2x05 
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RULE 4. 


F only one of the variable quantities (x or y) enter, 
ſubſtitute for one Aurion the other multi _ into a new 
variable quantity, 


Example. 
Let 2 aX*+2a%Y*+ay*, where & is wanting. 
Aſſume 2) , and we get 2 =a2%)* 222 8 
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"= or 72 =42*+222* +a, hence y=o2* +20% 
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we lybſutute the value of z in terms of * found from 


the equation Der haas we we mall get * in terms 
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n No. . = 
In any Puxional equation of the ſecond order, where the 
fluxion of one of the 5 quantities (x) 15 8 a 


if for j We fubſAitute —= 


JOS into one in which) 3 is conflant. 


— 4111, 


Te e wil N be trans- 


1 55. For ſuppole the value of y to be expreſſed by 
a+bx+£X* + dx* + &c. then 3 ; =b+ 20x43 dx*+ 
&c. Make & conſlant, and täke the flaxion, and 7 = 


2:54 bdxx+ Re, Now make y conſtant, and _ N 


— 2 6 n ke. when therefore x 1s conſtant the 


x 
value of ! is the ſame as E when Y is conſtant; 


hence if in any fluxional equation in which X 1s con- 
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+ By this ſubſtitution, the fluents of fluxional mw 
0 tions may aaa Os be found. 


Example. 
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Let Saf ns, in which x is con- 


fant, as x __ not enter, Subſtiture =» for 

7 (in which caſe j 92 * conſtant) and we bs * + 
* 2 208 . OY 

x * wi o, or S er 7 , 


whoſe fluent is * + ax — = which, as the fluxion 


is 0, muſt be equal to ſome conſtant quantity; z let 
 2bxx + 2abx 
2bc+x* 2bc+x 


fluents (Art. 45. and 46.) are X LT X 45 


X 4, where A 1s a circular arc, whoſe radius is 1 


it be cj *, and then . Tn whoſe 


r 


2 — $3 
— OS 


| DP: | : 
and tangent — and L Sh. I. 2bc+x*, 


If the fluent cannot be obtained by theſe means, 
or any other artifices of a like kind, recourſe muſt be 
had to infinite ſeries, an inſtance of which the Reader 
may ſee 1 in Art. 111. 
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* It is eaſy to 1 that this conſtant quantity muſt be 
ſuch as cy, becauſe the equation, after taking the fluent this firſt 
time, aroſe from taking the fluxion of the fluential equation, and 
therefore & ar 5 muſt neceſſarily enter into every term. 
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ON THE SUMMATION OF SERIES. 
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Lo jute jun of e zr. Kc. . 


1 +1 
I 56, Aſſume & * + x? T&M. 12 tn = 
a; take the fluxion of both ſides, divide by x. and 
multiply by x; repeat this operation and you will raiſe 
the powers of the natural numbers an unit every 
time ; hence 
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1 x+2 * +3 kee. 92 e 53 


1 * 2's "+ 3*x* ＋&c. ns A == =; 
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Prop. LXXXI. 
Ra 2.3. 4A T3.4 04-94. . 


| S—— 2,5 LIND. 


157. Aſſume as before, take the fluxion and divide 


by xx, repeat this operation till you have gotten the 


number of factors, and then multiply by x ; hence 


1+28+30 +40 kee 5" e $56 3 2 * 63 


| 2:22. 3X+3.4X Kc. . . . 1. 2 


- x 
1.4 2.3.4 ＋&c. 2 2.5— 1. 2 „ d. 


pos 


PRop. LXXXII. 


Given ax" +bx*" CN Sc. T = A; 70 find p+n 
Xg1Xax"+þ+29X9+20Xba" & c. - PT 


Xr. „ 


158. Multiply the given equation by r, and ax 
TN + Nc. Ax = B; take the fluxion and di- 


vide by x, and p +1X a Het TT ZN AH + &c. 


= » divide by 12 —, and Ter fHAux 92 855 


. = 3 2. C. Now multiply this equation 15 4, 


take the . and divide by x3—"x, and we get 

p νννπνν . + K. = 
= | 
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In this manner any fators may be introduces, by 
| mul- 


5. 
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multiplying by ſuch Powers of x ad s ſhall produce the 
— — 


+ 


1 1 5 Prop, LEST: | <7 
12 the 1 5 — E +5 + - Sc. ad infinitum 
be required. ego 3 


b - r N n 2 a 


3 $ | . 
159. By Art. 46. — - + 2 &c. A, A being an 


arc of a circle whoſe radius =1, tangent = x. Mul- 
* "Rep 
tiply'by F and E — "5, | Fats hence T 


SER | I + x* 


* 
by TTY 


Famntan 2% wes 
If x = 1, then 5 373 &c. =" 


| Proe. LXXXIV. FRE 
To ſun ſeries by means of the fluent of vx"x, v being = 
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.. A 
2 12 & 


. 
1 3 
7 1 7 T N 
n+r | & * 1 
* 3 = ——— == + &c. But 
a+1Xu+1 a+1X4% Uu 11. 21 


160. By Art. 149. the fluent of v is - 


v = hyp. log. r T x* + &c. ad inf. 


hence 


= (becauſe 4 * | 
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+&c. Make theſe | two fluents equal, and we have 


ee 
* 


190 su NAT ICN OF SERIES. 4 


hence v ef HL Kc. 


+2 at ate rs 
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1 r | 
On RET 4 : * X. 
1 TI X21 a + 1 X 1 
* a+: ** 
— — & c. to 5 terms = —— + —=== + 
+1 X 1—1 1 ＋ 2 2. 1 ＋ 3 
| 3 Þ 
—==þ+&c. ad lindau. 
3. 1 ＋4 | 5 — 
a 1 O, then = = + >: + = e ad inf. 
een nk be ate 
| E 
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162. Since 3 = = — F 
1 23 1g-b 
x*x OE. K* 


multiply by x and = — = + 2 — + — + &C. = vax 


3 "4 


8 XX; now 17 11 160. the fluent of vxx 
tort ty + 1 X 2 ＋ 2 x ; alſo the fluent 


of vx is vx -U; hence the fluent of vxx — 


* is 2 v , f UEK T Ax; conſequently 


1 * 

+ 

(B) 55; + 2.3-4 3-4-5 
—zx+53x*. Aſſume 2 vx —vX+Ev=0, or K - 2.x- 


I T: 


+1=0, hence x=1; make EO and Ie 724 
+ &C. = 7. 
Let «I, then v=h. 1. 2. hence — X 2 * 
| | i = 4 
„ RY + 
2.34 * at &c. 2X h. I. 7 


Let 


＋ &c. = = 2b. =UX + Ev 
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Let x=, then v h. 1. 2; hence * * +5 + 


1.44: 4 
— 36 - ＋&c. h.! 22. Thus b aſſum | 
z 8 / : 


ing. x and determining v from it, we may. find the 
ſum of the correſponding ſeries. | 


In like manner by multiplying B by x and 
taking the fluent, we ſhall get four factors in the 
denominator, 1.2.3.4, 2.3.4. 5, &c. or if we multiply 
by xx and take the fluent we ſhall get the fac- 
tors 1.2.3.5, 2.3.4.6, &c. And, in like manner, we 
may add what factors we pleaſe, by multiplying by 
ſuch a power of * as will produce that factor. 
If the Reader wiſh to ſee more inſtances, he may 
conſult A. de MoivxzE's Miſcel. Anal. Lib. VI. 


Proy. LXXXV. 


To ſum ſeries from the fluent of vx"X, where v is a cir- 
cular arc, whoſe radius is unity and tangent x. 
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RE + 55 xc. = o where the ſign of v 1s 
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+ or — according as 3 odd or even, when u 15 


1 $ 
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rn 
equal, and we have xo vn + x 
2 * * 
&c. = — — — — — — Cc. ad. inf. 


"+2 3.n+4 5.n+6 
Let — = be an even number, and aſſume RE 


| A 1 
V=0, and then x=1; kak — X —-- —— — &C, 
ia | n+ 1 1 212 2 22 
I | 
to to — terms, is equal to x 3 ＋ — - — 
2 1 ＋ 2 3. 11 4 5. u＋ 6 


— &Cc. ad infinitum. 
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Let IT. " be an odd number, and aſſume 21, 
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— — + &. ad infinitum S arc 8 
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If u be an even number, then by Art. 150. we get 
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SECTION A. 


ON THE MAXIMA AND MINIMA * 
CURVES. 


oer. LAXLYT 


| T O find the nature of curves, in which ſome conditions 


remaining invariable, others are the greateſt or leaf 


poſſible. 


164. Let ABC be any curvilinear area, PD, RF 
two fixed ordinates indefinitely near to each other, 
and the ordinate QE an arithmetic mean between 


| oe. Wk R 


A 


EF C 


them, ſo that En In, Dn, Em being parallel to AB. 
Now it is manifeſt that the nature of the curve DEF 


muſt depend upon the poſition of the point E, as by 
| vary⸗ 


4 


 * Jos 


MAXIMA, &c. CURVES. ? I95 
varying the poſition of that point you muſt neceſſarily 
vary the curve; upon. the fituation therefore of this 
intermediate ordinate, the determination of the equa- 


tion to the curve, from the data, will depend. enge 
PA, VN, are the only variable quantities. 


165. Let any given quantity M be made up of 
A. B, C, D, E &c. or let A+B+C+ D+E+&c.=M, 
and at the ſame time let ſome other quantity m be 
required to be a maximum or minimum, and let the 
correſponding parts of m be a, b, c, d, e, &c. and con- 
ſequently a+b + c+d +e + &c. u, M and m1 being 
expreſſed in terms of the ſame variable quantities. 


Nov let us ſuppoſe all the quantities in each to re- 
main conſtant, except two which correſpond, that is, 


let C and D, c and d be alone variable; then CD 


is conſtant, and to fatisfy the other. condition, 


c+d muſt be a maximum or minimum; hence (Art. 
21.) C+D =o, c +4 =o, from which two equations 
we may get the relation of the variable quantities 


which compoſe them, and which will be found ſuf- 
ficient to determine the nature of the curve. 


_ - Prop, LXXXVII. 
Given the points A and C, to find the curve in which a 
body will deſcend _=_ A to C in the leaſt time poſſible. 


166. Put PD=m, Mn, En Fm a, the con- 
ſtant quantities, v=P9 = Dn, 216. En; then 
DEU Fv* and EF=\/a*+w*. Now AB be- 
ing parallel to the horizon, the velocities at D and E 
are as * m and Vn by Mechanics; alſo the times be- 
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ing as the ſpaces Ay and velocities 1nverſely, the 


times through DE, EF wil be. as * LO pi 
Mm 


A 
hence as AB ; is given, v, 20 are two parts 


ou 


f this given quantity, — ſum v+w is conſtant ; ; 


0 LEY 4" +L. and V2 — are the two correſpond- 


RF Vn 
Va — 


ing parts of the minimum, whoſe ſum 4 
mM 


e (an. 163.) ; hence V+ =0, 


Vn | 
Wh VU Www 


F YET Roz = 2 
Vn x VA e + w _ 


W= — V, . — eee 


WU i 
== 0, and 


* + ww? | * ＋ 


- 3 NOW theſe are two ſimilar quantities, 


= 


2 + w 


which expreſs (in their ultimate ſtate) the fluxion of 
the abſciſſa divided by the ſquare root of the ordinate 
x fluxion of the curve; two. ſucceſſive values of this 
quantity therefore being equal to each other ſhows the 
quantity itſelf to be conſtant ; hence put AP=x, PD 
= = —= a conſtant 
MN V 
quantity, which is the property of a cycloid, the di- 
ameter of whoſe generating ſemicircle is r. 


=y, AID x, and we have 


ProP. 
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©. Proe, LXXXVIN. 
To determine the nature of the curve AC whoſe length 
is grven, and it's area @ maximum. | 


* 


167. The ſame notation tation remaining, we have DE 
+EF=/#F+Y + V Fw 4 ＋ a conſtant quantity, the 
ſum of two parts of the given curve line AC; alſo 
mv+1w is the ſum of the two correſponding parts 
of the maximum; hence (Art. 165.) nv+nw=max. 


„ „ + nw = o, and 1 —. 2 
. M ; A ” + — 2 - 
. Va ＋ Sa*+w* * 


hence — == W, therefore — 


Var M +vf 
| | 8 3 
conſequently — ae which being 


ſimilar quantities, we have 72 = . a conſtant quantity, 
or rx = the equation to a circle by Art. 46. 


Proe. LXXXIX. 


Let the ſurface of the ſolid generated by the revolution 
of the curve AC about AB be given; to find the nature of 
the curve when the ſolid is a maximum. 


168. Put p=3,14159, &c. then (Art. 55.) 2pm 
Va + +2pnye + =the ſum of the two parts of 
the given ſurface generated by DE+EF, a conſtant 
quantity; alſo pm*v +pu'w = = the ſum of the two cor- 
reſponding parts of the maximum generated by 
PE D, MFE; hence pm'v + puiw max. 


(OY the conſtant multiplier 2) mv +10 = o, 
N 4 and 
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q mud 1 AWW 


mo 
An 


a + o; hence + = , 
nity +0 V Y x 
which ſubſtituted cj do in the. ſecond equation, we get 
* 

nd. NN af 4 + 


tities as in the laſt a hence the. curve is a circle. 


. which are the ſame quan- 


| Pac op. XC. Sits 
2 be the nature of the curve ie generates a folid 
of the leaſt reſiſtance, when moving in a fluid in the direc- 
of it's axis, it's greateſt diameter B L and mw AC 


being Kann. 


* 1 
n Ja te bo 
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169. By the Principles of Hydroſtatics, the reſiſtance 
na 


ma 
N and againſt EF as 5 


againſt DE is as 22 
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hence the ſum of the two parts of 1 2 which is 


ma 
to be a minimum = = ITE Xo 7 pine + 


— alſo as AC is 
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given, vr, the ſum of the two correſponding parts 

X i : | | 20 

of the glven quantity, is conſtant; therefore — —.— = 
a +V 


— 240* WW 


£ 


25 
8 
3% 

* 7 
2 
4 
"1" 
278 
1 
1 = 4 
= 
5 
* 
*S 
. 
*V 
28 
1 
RS. 
bs. 
OR 
13 
> 
1236 
* 8 
al 
8 
I 
IST 
£353 
* 
8 
po. 
vY 
+ 78 
3 
1 
8 
* 
52 * 
x 
9 
1 
1 
5 
s 
8 
** — 
_ 
=» 


. - CY 
. 

1 

"> 
8 
1 
Rpt” 
3 
3 x 

y "8 
= 1 

N 

A 

- 1 5 
a 

— 3 

5 

8 

oY 


MINIMA OF CURVES. 199 


3-9 40 | . 
_ 21 = O, and GD a6 hence V = 
a + 70 | 
; 1 mau 
— ; conſequently, by ſubſtitution, — = = 
A 2 | r ©” © AG a + v : 
na : ; : Ds 
A, which being fimilar quantities, we have 
a? + 1 * | 


2 r a given quantity, wick! 15 the fluxional equa- 


tion of che curve. That the curve does not meet 


4 
the axis at 4 appears from hence ; rx 1X 
E D* 
1 where hb numerator muſt evidently be 


oreater than the denominator, and therefore y muſt be 


greater than 7. 
If the greateſt diameter BL, and area BUNL be 
given, then mv +#w will be given, conſequently mv 


. 3 
- . ; . * YR = 
Tu- So, which gies 'Z: Dr for the equation of the 


curve. 
If the greateſt diameter and bulk be given, then in- 


ſtead of v +20 being given, pm*v+pr*w will be given 
N 


(Art. 165.) ; hence mb SPW=0o, which — = 


r, for the equation of the curve. 


Although PDEA, FR are in theſe figures 
taken as increments, yet we reaſon upon them as flux- 
ions, conceiving their limiting ratio to be taken, and 
conſequently the concluſions are mathematically true. 
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SECTION XIE 


MISCELLANEOUS PROPOSITIONS. 


Pro. XCI. 
O the fine EB of an arc AB of 4 cirele; to 
find the fine of u times AB, © 


170. Let ABA, ie put OB = 1. y= 
OE the coſine of AB, v = the fine BEN, 
x = the coſine of AK, then Y —x* = the ſine of 


AK. Now (Art. 46.) Z:—j::1: Y = o.2= 
n for the ſame reaſon the fluxion of 12, or 
V1'—y 


"BZ = 


—X x 
- hence | 


— 8 
* E= VI V= 


mul - 


tiply 
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tiply both A by / — 1, and ——_— = 


7 35 whoſe fluent (Art 45.) is h. 1. r 
7 


=* & h. I. ) T 1*; hence (Art. 109.) * . 
Vr = (Art. 33.) f +" 


321 —1 +1. * 7. —. 2 5 * 


i * — *— i+&c. Now as this equation con- 
fiſts of s of quantities, partly poſſible and partly impoſſible, 
rand y being impoſſible, it is manifeſt 
that the poſſible and impoſſible parts muſt be reſpec- 


tively equal. Hence aſſuming the impoſhble parts 
© equal, we have, 9 S i = 


for 2. 


A VF — IN Niue Multiply bo fide 


3 9 and 1 —x* V TG ina 2 


. 555 5 c. = (becauſe v = 


I 
Ly — 3 1— 1 - 2 
3 99 2 and —v dt nos 1) . . 
er. &c. the ſine of AK. 


2 PROP ACE | | | ll 
I Given as before, to find the coſine of AK. 1 
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171. Aſſume the poſſible parts of the above equa ; 
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+ &c. e ＋ &c. the coſine of it 


Tape. CRT: © De AB 


Given as before, to find the tangent of AK. 


172. Put 7=tangent of AB, un: by PEE trig. 


i= -, radius being unity ; hence the tangent of AK= 


— = &c. 


. 1 Yun. 


1 * 


* 2 N. e Kc. 


nd the numerator. and denominater by 50 


21 N11 — 2 v 1—1 21 — 2 
— 1. ——. n 2 e &. 
| „ : 2. 3 


2 — — — 
— 


1 A 


5 — 1 | 
—— &c. 2 FA &c. 


Pad XIV. 
To reſolve vn — 2X" +1 =0 into it's 4 divi- 
fors, x Jeng equal to or leſs than _— 


173. Retaining the notation in Art. 170. we have 
x+ Vi N MY. Put v=z+y/y*—15; 
tranſpoſe y and ſquare both ſides, and we get v* 250 
=—1*, . % —29yv+1*=0. Allo S=x+x—=1, 
hence by tranſpoſing x and proceding as before, we 
get ve 2X +1=0, the given le of which 
we have one quadratic diviſor v*—2yv+1*=0, v 
being the ſame in both equations. Now if to the arc 
AK, we add 360, 2 * 360?, &c. we ſhall come again 
to 


282. 


d, 
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to the ſame point &, and conſequently we ſhall have 
the ſame cofine, or x; hence x is the coſine of 
AK, e par 2X 360*+ AK, &c. But y is the 
coſine of an 1 part of that arc whoſe coſine is x; 
hence is the coſine of = 2 1 « . 
Kc. which coſines call a, 6, c, &c. ſubſtitute therefore 
theſe values for y in the equation v 2yv+1* =0, 
and we get v*=2av+1*=0, v*—2by+1* oo, v 
2cv+1*=0, &c. for the quadratic divifors required f 
hence Z ADT ILXYVY —2 bv+1*x&c. = 2 & 
1 retaining the power of the radius in the laſt 
term. Although there are an infinite number of arcs 
whoſe coſines are x, and conſequently an infinite num- 


ber of correſponding values of y, yet there are only 


1 different values of v. becauſe after taking arcs, * 


— &c. the coſines will return again the 
ſame. 


174. If x==1, or if AK be taken equal to the 
whole circumference, or half the circumference, the 
equation becomes v® 29" +1 o, whoſe {quare root 
is "E1=0; now as every equation which. is a ſquare 
muſt have to every root another equal to it, the equa- 
tion =I o muſt contain the ſame roots as "= 
2 ¹ +1=0; the roots therefore of 4 =1=0 are 
found in like manner. | 5 


175. Hence we may find the quadratic diviſors of 
VP - 2x17 +r* =0, which is the equation v 2 & 
+1=0, having it's roots multiplied by r (Alg. Art. 
282.); multiplying the roots. therefore of the above 

i quadra- 


ry 
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quadratics by r, we have v*— 2arv-þr* =o, v*— 2bry 
ro, &c. for the quadratics required. If AR oo, 
then x =o, and the equation becomes v** +r** o. 


Proe. XCv. 
1 71 FS P- 
To reſolve ——— db n 22 . 
R — 84 | 
1 2g U . 


178. Let the roots of I — vue, r 4 
= 


, &c. then as this is a recurring equation (Alg. Art. 


7 

289) the correfponding roots will be n, p, g, &c. Aſſume 
WE... B 2 

Tr Av = He 

then reducing t theſe to a common denominator, we 


have * 


* &c.&c. 1; let 1— mur o, then 5, hence = 


— 


At. 5 f 
Ax 1 Nl 1 * &c. 1, or AX = X ras 


— — 20 
&c. = 1, or if wan EK X &c. AX —— 


221 


=1, hence AE „ In like manner we find B, 


C, &c. by making 1 — pv=0, I - geo, &c. Now 
as 1=2XV+V"=v—mMXV-PÞXV- qX&c. take 
the > fluxion, omitting * v, and nd zu — 2 = —Þ 
Xv-qx&c.+v-mXv-qX &c. & c. now let 
vn, and it becomes 22 2 i = x 


—— 


2 — 7 
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then as I — 24 t ul mMVX I — p In N 
mp, we have mp 24, and mMp=1. . Allo A= 


oh —B = - — hence 4 K ai 


2 u 2 & 2 1 — 


"Lol 4122 . 3 — But as V" 2K +1 
41mg" — 41 e auch x” 


=> Og. ea; now for v dubſtitute m, and 


" | I 
m ax; but mp=1, and p=—; hence W = 


4n— 4nx* 1 
n*— 8n*x* TA 
UX IX 1 In 

a | 
2up"—21x 
Zum xm X mp" x (the 

4 X1=x ; 
common denominator being the ſame as in the va- 
lue of A+B) = (as pm=1, m+p=2a) 
24 X 2a4—-2uXþm & — 12 

| 4. = 
. — ED ET Now m*+#*=2.x, where 
x is the coſine of an arc which is to the arc whoſe 
cohne 


2x; conſequently A T= - 
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cofine is à as u: 1; for the ſame reaſon me + 
Pt 2e, if e be the coſine of an arc which is to the 
arc whoſe coſine is à as 1— 1: Iz therefore pA + 


ua — — a- ex = TY 
4 Hence + 


45 1 _ 
| 3 n= nx* I — MU 


** r . Conſequently. — an 7 


1 2a 25D 
found from + in the ſame manner that e 18 ; found 
from a; and ſo on. | 1 
177. If x be negative, the given quantity becomes 
SOL A 
ITZ +0" 


178. In like manner, —— will be found equal to 


A 1 Foe + &c. where 4A = 55 B==, &c. and if 


1 . 1— 
B 
4 


1 =MUX1—PU=1I—2aU473, then 
| 4 8 Ys I —MYU 1-pvU 


3 ; and ſo on. 
I — 24. 


[ 


If n be an odd number, then one root of 14 =0 
is — 1; hence 1+v=0o is one of the ſimple equa- 
tions; hence as the other part is made up of quadra- 


S Ys I 
— — — XV — 


1 H A 
tics, we have — | &c. 4 
Ys 1 +0 = T=2ave+v 145 


\ 


It 
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1 F u be an odd number, the dene I—v"=0 
contains one ſimple equation, and * quadratics. 


Now the equatian 1 o, has. one root = t» 
and, ney the ſimple equation is I—V=0, 


1 1 

| = 901 n 
Hence —— = ———— Ke.. 
1 — v* TZ + 12 


If » be an even number, 1 eo has two roots 
1, +1; therefore two of the ſimple equations will 


1 
be I—V=0, I+v=0 ; hence — „ 
; : 1 1-24 t. 


| lm I 
A F-: 
+ &c. —— + — > 
| TIES WE 


PROP. XCVI. 
Let F = eee, find F, x being eayfort, 


3 2. 21 7 


and the * as in the laſt propefi ton, 


159. Retaining every thing as as in Art. 176. v we have 


— — —— 7 N x — — 5 . 
"Ps —.— ARS. > Ll I 
_ 1-2a4v+0* 1 — 2 bu+4? | 


ent of each of which quantities is found as in Art. 137. . 
* 8 Paor. XCVII. 


Let F = — 1 being an even number, to find F. 


Vol. II. EO 2 1 80. By 


8 _ 
P . —— FC 


n 
— * {> bag 


h _ A = a 
N 2275 . ĩ˙— OP CENES 
n 1 F ˙ AA ͤ 
3 a 5 e 
RE x W- "4 4 . — © 


. 
re 
SLE 


- — PET 9 it" of 2/0 - — 
+2. # ö A. * 3 Py F vs * * = 
N Fae / + : of ts — - 
A 4 . ö 4 0 2 — 
Lt > N A Wo; Ae 5 4 - 
4 ; + 9 a * * A RES. : * hy 2 —F ren 9 — K — 
NG N ene e.... Ce at I „ * 
5 „—— 20g — — ern TI” — - - «Oe OW ne ar I SEP I 1 . * ren * — 
- * SPY EY 2 n Co Sto. wes rams ate 4 nie 6 J I "Fe" 7 288888 en 
8 — 2 2 . „„ Ʒ,k'p > on bs, o 
4 . , Nn 
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180. By Art. 178. PER 1 77 7 
＋&c. whoſe fluents are found by Art. 137. : 


2 * 24 CON 
„ 
A 


I - — Z abb 


If u "os an odd number, chen F = 


T - 


+ Ke. + 5 ot whoſe. fluents are "Ind by Art. 137. 
and 45. 
Proe. XCVIII. 


5 ; 
> being an even number, to find F. 


Let F = 
I 


2 2e 
HA 


181. By Art. 178. F = — 


1 . 


. 
ee 


1. 
* 
cc. = 


BO 
-w 


a 3 
+ 1＋ | | 
If » be an odd number, we have F = 
25 222 7 OO 


1 
3 1 21 Kc. * 172 whoſe floents a are found by 


Art.. 137. and 45. 


Proy. XCIX. 
To demonſtrate GoTEs'S properties of the circle. 


182. Retaining every thing as in Art. 173. we 
have ve 2xv-+1*=0, of which - 2yv+1*1s 4 
quadratic diviſor. Aſſume any point P, and draw 


** 


fe 


the 


CUN 
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PB, and put v=PO; then BO. DA O 


* PE; that is, 1*=BP*+v+20Xy3—9=BP* 

+20, hence BP. = — 2yv+1*. Allo y is the co- 
| . 360" . 2 X 360*+ AK 

fine N 5 

fines are a, b, c, &c. and = 24 +1? Xv*—=2bv+1n 


— 


*x&c. = 2 + 1”, Now let AK be the whole circum- 


2 C20 30 
ference C, then the above arcs are 5 ” &C. or 


* 
* 


the 7 - , 5 c. parts of C; that is, if the whole cir. 
cumference c be divided from. A Into u parts at B, 


"WY C. 


, &c. whoſe co- 


2 — 


II 


a 


= "I 
1,7 
IR 
£0 
TEM 
$14 
16 
"ll 
ory 
6.108 
if 
N 
1 
11 : - 
Bl 3s. 


r — rags 


— — — - 


—— ee ill " 
- . ” — * - — 


n 
: — > 2 — 
TT 


was LT 4 — * 
we —— 
— Ap” . 


; 
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C, D, &c; then theſe arcs are AB, AC, AD, &e. 


whoſe coſines are a, b, c, &c. hence, from what we 
have already proved, PB*=v* = 2av+1*, PC 
2bv+1, P ** 1*, Kc. conſequently PB. 
x PD x PD" X &c. =v*—20 + 1% x being equal 


to 1; hence, by taking the ſquare root, we get P 


x PCX PDX &c. v — 1" or 1*=v"= PO" — AO” 
or AO" PO, according as PO or AD is the greateſt, 
or according as P is without or within the circle, for 
every thing holds the fame whether P be within or 
without. This is one of the. properties of the circle. 

183. Let theſe diviſions be again divided into two 
equal parts at &, c, d, &c. then the whole circumfe- 
rence will be divided into the 22 equal parts, and 


therefore from what is already proved, P Xx PBXPc 


xPCxPdx PDX&c.= AOπ PO", taking P with- 
in, for inſtance ; divide this by the aboye equation, 
en YON  Phbx PBX PEX PCX PdXPDX&c. - 

i PBXPOCXPDX&C. . 
40 — PO 
40 PO 
PO, which is the other property. 


Prop. C. 
Let Ap be the abſciſſa of any curve, , PMN Lan ordinate 
revolving about any fixed point P; "99 pa: the tangents 


My, Nx, Ow, Sc. then will ., $5 +35 55 4 pay Ce. 


the pou of the reciprocal 3 be a 9 _ 
tay, 


* The letter O is wanting in the center. 


that is, Px PSX PdX &c. = A0" + 


I84. Let 


2 . 
8 5 r 4 2 
0 8 Sk N 


77 tl oe rr RET ROE PITOO Is 
3 4 
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184. Let the equation of the curve be y*= a+bxX 
Y—"+&c. +px"— qu" Kc. o; and correſponding 
to AP the abſciſſa (x) let a, 5, e, &c. be the values 
of y; then by the Elements of Algebra, Art. 267. 

aX bXcX &. = px" — 4 + &c, take the fluxion 


5 . Fo CE 2 A 


of each fide, and abc &c. + Zac &c. A443 bo + 
&c. = 1p = 11 I X qx—*x + &c. — this _ 
equation by the former, and we have £ - + * + = 


4 
4 
hence 2 


r 3 
* ws 8 \ þx "NE" TR 
a c 1b. -= N + c. b 
” bx 5 72 Ac. = Px" — 2 Kc. 1 op 
23 | 


3 IS Kc. are the reciprocals of the ſubtangents 


Py, Pe, 7 xc. by Art. 23. hence (dividing the 
numerator and denominator on the right hand ſide of 
the 8 500 P, which will not alter it's * 


But by the Kites, Art. 52 5. the roots of the equa- 


o 3 tion 


7% 
_ 
* 
>. 
* 
*H 
þ 
* 
* 
Il 
. 
3 
"iy 
2 
1 
R 
19 
it 
Is 
F. 
$3 
4 
E 


# 
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tion x*— 1 „ &c. o are AB, AC, AD, &c. what: 
ever be the angle at P; hence (Algebra, Art. 267. ) the 
coefficients of ** e. are conſtant ; and if P 
be aſſumed a fixed point, x is invariable ; hence & 


Z + &c. is conſtant, conſequently 1 1 — — 11. 


2 + &c. is conſtant; therefore the ſum of the 


reciprocal ſubtangents is a conſtant quantity. 


PROP. Cl. 
Grven the arc of a circle; to find it's fine and Me. 


18 5. Put the radius 045 r, the arc AB=2, it's ſine 


BE x, coſine OE=y, and produce BE to D; then 


then Art. 46. 2: :: r: 2 2 . Now correſ- 


* 


ponding to the ſame value OE of y, 2 may be either 
AB or A; but the arc beginning at A, if we conſi- 


der AB as poſitive, AD will be negative, therefore 


every poſitive value of z * has a negative value equal 


* If every poſitive value of z have a negative value equal to it, 
the equation whoſe roots are thoſe values of z will have only the 
even powers of z; for if z=a, z=—a, then z= a=0, z+a=0, 
and conſequently the quadratic from theſe two will be a - 
and as every ſuch pair of roots will form a ſimilar quadratic, it is 
manifeſt that the equation formed for the multiplication of theſe 

guadratics will contain only the even powers of 2. | 


0 


++ b=0, &c. conſequently a ===; 
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to it; hence, by the note, if we aſſume y in a ſeries of 
the powers of x, only the even powers of z will enter. 


Aſſume therefore y =r + a2*+b2*+ c2*+ &c. the firſt 


term being r, becauſe when z o, y r; hence J= 
242% + 4b2*2+ 6252 + &c. therefore * 2 


= — 2raz— 4rb2? - Gre — &c. hence #= 27a 


3-4rb2*2— 5. Gre - &c. But (Art! 46.) 8: & :: 


1: y, hence yZ=rx, and E —rx o; now in this 


equation, inſtead of y and x ſubſtitute their values 


above found, and we have 


12+ 4 b2*34+ &c. 
27 428 7-3. 425 S+5. 67*7c2*3+&c. | 3p 


hence (Art. 110.) 27 'a+r So, 3-4r*b+a=0, 5.6 * 


_ 


b=—— = 
27 3.47 


ne. _ 
X © $62 EEE. 
* 


3 + & c. Allo - 2a 


&c. hence y= 


ä | =13 
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T . 5 
. e F 6ro= 294 2 Wy xc. hence 


3 
r 


Proe, CII. 
To find the ſum of the ſeries -; = 2 + A + &c. ad 
infinitum. 


186. Put the radius ee EB=x, ABS; 


| : 
then (Art. 185.) 6223 = fcc... hot 


2.3 2.3.4.5 


b 

& So, and then 3 = — &C. =O, OT I —- 

2 88 2.3 2:3-4:5 ; 

— 2.4 3 

* & c. o, the former equation con- 
2.3 2.3˙4˙5 . 


taining one root =o, it being diviſible by z, or z2 -o, 
(Elem. Alg. Art. 266.) which is taken away by divid- 
ing by Z. But if c = the ſemi-circumference of the 
circle, the other values 2, correſponding to æ o, 
will be IC, 2, 3c, &c. ad infinitum, and by taking 
the arcs in a contrary direction, — 1c, — 2c, = 3c, 
&c. ad infinitum (Elem. Alg. 473.); hence theſe 


7 6 . 2 
values of 2 are the roots of the equation 1 2 + 


* 
2.3.4.5 
1 xc. o; multiply 
yy D439” „ 
_ . 


it by *, and it becomes * 43 - 2-3:4-6 


— &c. =o. Put z=>, and the equation be- 


— &C 
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o, which equation contains n roots So, the other 


roots remaining the ſame. But as J==» the values 


ad inf. Now (Alg. Art. 349.) 50 ſum of the ſquares 


of the roots of the laſt equation is i: and the ſquares of. 


the poſitive values of y being the 885 as the e 
2 


of the negative values, we have 11 555 FX 


ad inf. = =, conſequently — ; += 1 9 2 3 — + &c. ad inf. 


= 

Cor. 1. In like manner we may find the ſum of any 
of the even powers of the reciprocals of the natural 
numbers, by aſſuming the ſum equal to it's value 
given by the ſame Art. in the Algebra. For inſtance, 


the ſum of the fourth powers of the roots of the 


2 


. 2 1 

| equation 18 45 hence 1555 27 eee 
4 

conſequently — += 27 3 &c. = = 


The ſum of the a of the odd powers cannot 
be found by this method, becauſe the ſum of the odd 
powers of the xegative roots deſtroy thoſe of the poſitive. 


2 


Cor. 2. By tranſpoſition, = + = MF &c. == 
I I 3 1 6* 
r 7 ＋ 2 + Kc. 
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> * == 7 And in like manner we may Ale the 


ſum of the reciprocals of all the even | powers of 1, 3, 
5, &c. 


PROP. CIII. 


. ing the force of gravity to vary as s the 1 power . 


of the diſtance from the center of the earth, and the com- 
preſſive force of the air to vary as it's denſity ; ; to find the 
* denſity of the air at any altitude above the ſurface of the 
earth. 


187. Let the radius of the earth I, x = the diſ- 
tance of any point above the earth's ſurface from the 
center, v = the denſity of the air at that point, the 
denſity at the ſurface” being unity; 4 = the altitude 
of an homogeneous atmoſphere. Now it appears by 
experiment, that the compreſſive force of the air varies 
as it's denſity; conſequently the fluxion of the com- 


pPreſſive force muſt be to the fluxion of the denſity as 


the compreſſive force is to the denſity, and this ratio 
is the ſame at all altitudes. Now at any diſtance * 
from the earth's center, the fluxion of the compreſ- 
five force muſt be in proportion to the force of gra- 
vity, the denſity and the fluxion of the altitude; 
hence K is in a conſtant ratio to -, writing the 
latter fluxion with the ſign — (Art. 16.) becauſe v 
decreaſes as x increaſes ; according to this repreſen- 
tation of the compreſſive force, 4 will repreſent the 
compreſſive force at the ſurface ; hence : 1 :: x%vx : 


Þ$, therefore = zx, and =—= = bh. I. v 
| ; V a+1 
| +C; 
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IC; 19 when x#=1, v=1, and chis equation be- 


comes vs 28; hence the corrected fluent 2 =_ 


— A X h. l. 122 : conſequently 


v, an equation expreſſing the een between the 
altitude and denſity. 


Cor. 1. If we ſuppoſe the force to vary ste as 
the ſquare of the diſtance, # becomes —23 hence = 
—1=4Xh.1.v; if therefore * increaſe in muſical 
progreſſion, 1 will decreaſe 10 arithmetic progreſſion, 


and conſequently the h. 1. v will decreaſe i in arithmetic 
Progreſſion. 

Cor 2. If the force of gravity be ſuppoſed con- 
ſtant, =; hence 1 Y X h. l. v; and if x in- 
creaſe in arithmetic progreſſion, then 1 — x will de- 
creaſe in arithmetic progreſſion, conſequently the h. 
1. v will decreaſe in arithmetic progreſſion. 


Prop. CIV. 
2 o find the time in which a veſſel ABC D filled with 


Nuid will be in emptying itſelf through a very e orifice 
m at the bottom. 


188. Put a = 323 feet = 386 inches, x=mn the 
depth of the fluid at any point of time, z = the area 
of the ſurface PY2 of the fluid, = the area of the 
orifice, t = the time in which the ſurface deſcends 
from PY to BC. Now it appears by experiment, 
that the velocity of the fluid at the ſection of the ori- 

| fice 


— =h X Ii. 1. 
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fice is that which a bedy acquires in falling down 2.x, 
ſuppoſing the orifice to be very ſmall compared with 


gon” ge 


the ſurface of the fluid ; ; hence, by mechanics, Via 
Vir: : 4: ax = the velocity (per ſecond) at the 
orifice ; and, by the Principles of Hydroſtatics, 2: m 


1 5 ax: 2 * V ax the velocity with which the ſurface 


. 


deſcends ; hence (Art. 72.) 12 —. . 
* Wel 


the fluent of which (corrected when neceſſary) gives 7. 


Examples. 


Ex. 1. Let the veſſel be a cylinder or priſm, and 
put += Em it's h In this caſe 2 is conſtant, 


and 7 = —. 
"my/ax 7 


| — 5 
22K 22 * . 1 
= hc -, Which wants no correction ; 
"© 8 


K , whoſe fluent is 22 


7 a 0 8 
and when x =, t —＋ * — the time of the emp- 


tying. 


Ex, 2. 
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Ex. 2. Let ABCD be the fruſtrum of a cone, and 
put FE=c, EA = d, En e, p=3,14159 &c. then 
Fu cc, the ſign + or — being taken according 
as the greater or leſſer end is downwards; and (PA, 
FD being now right lines) by ſimilar triangles, c: d 


f . 2 1 — % „ 
2: Pu x cπ & hence. 2 


conſe vent] Ga” Z . IXc=x XN — 
; 4. 
N +5 = 2 cat + , and 5 = 2 N 
MIS 


1 a * 5 „ ik : bi ” 
2OX® = $6xX*+3x5, which iz no correction; 


„ 


* 


and when Se, t 22 20 ds. the 
mea 

whole Gd of emptying. | | 

If the orifice be a circle whoſe radius = r, then m= 


2 —— 


pri conſequently f = = x: 20 


ric a 
Cor. If the baſe be downwards, and we take ths 
whole cone, we > muſt £29 £3 d v 2: FM: B, 8 = 
| £ 
22 and as co, We * 3 7 


m 


7 * ** whole time of emptying. 
If the vertex be downed; and the orifice be fo 
Imall that we may. conſider E as equal to EF, or e 


da” 16; 4. 76.8 Ac 


c; then = N 4 „the whole 


rea i . 


time of emptying. 


Ex. 3. 


* 
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Ex. 3. Let BFC be an hemiſphere Randing on it's 
bottony;* put the ava meine. then PA. = 


7 — & WE 
*, and a Pf — * hence F — 
| l 
WY rx” vis, whoſe fluent 1s tom Zr 


27 2 ma 


27 2,7 * , which wants no correction; and when 


5 
— P = *, the whole time of emptying, 


Se 
If the E, ped be a circle whoſe radius 18 20, then 
82 
1 "We „„ 
m pu; hence = 77 
If the hemiſphere ſtand on it's vertex, Pu*=27x 
— ** hence 2Z=PÞX 27x —x*, conſequently 2 „ — 


a 


——_— 


5 - 3 Pp 3. 
X 2axﬀ*X — x*x,, whoſe fluent is = - GT dee : 
| Va 


EN 
7 


which requires no correction; and when x=r, t= 


. = 147 hole ti f 
1 39 — ro IETF rt the whole ime o emptying, 
Ex. 4. Let BFC be a cabal ſtanding on it's 
bottom; put it's parameter = r, altitude FM = e, 


then 7 X e P, and prxe—x=2; hence ? = 


X ex” 1X K &, who fluent is 2 


Ta 5 * 


2e — 2x „which e no correction; and when 


* e, t res A the whole time of emp- 


2my/a 3 3 


tying. 
If 
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If che paraboloid ſtand on 158 vertex, Pe rx 


25 pra n and 2 


hehe 'Z z2=þro; ; erben f 15 Yr, 


„ | 8 
= =, Which wants no onion; and when x = 
3my/a 8 
2 pre? 2re 
f = ie tt whole time of emptyin 
ama 3 2 ptying. 


In like manner, whatever be the form of the veſſel, 

ve may find the time of emptying; ſubſtituting into 
the value of i, the quantity z expreſſed in terms of x, 

and then taking che fluent. | ; 


ON MERCATOR's PROJECTION. 


| PROP. CV. 

VP be the pole of the earth, E Q the equator, PE, 
PR, two meridians, mn a ſmall circle parallel to ER; 
then the length of a degree of latitude : the length of a 
degree of longitude at m:: radius: the cofine of the lati 
tude of m, ſuppoſing the earth to be a ſphere. 


— ] 


, 
= 
be r g f — —— a 
r — Cao CINS: P 


— 


—— I 


189. F or le PC be the radius of the earth ; draw 
mr, ur perpendicular to it, and join EC, RC. Then 
mr, ur being parallel to EC, RC reſpectively, the an- 
gle mru ECR; hence by ſimilar ſectors, ER: mn :: 

EC 


— — —NUQ—üUüä—ñũ — ————————f31.1i — — — 
2 — . ner at 3 


— 


hc 26.4" HI 
— —— „ ¶ — TIED — 


r — 15 ren 5 * — 
—— 9 R b —” > I ; : 
Se bd = — * 2 * 3 N n * * J 
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E: mr coſine of mE: But when the angle is given, the 
_ of an are of a e is in IAA to the ra- 


diusz alfo the length of a degree of the great circle ER is 
a degree of latitude, and the length of a degree of n 
is a degree of longitude at ; hence a degree of lati- 
tude.: a degree of longitude :: radius : the cofine of 
latitude. 55 

In Mzxcaror's Projection, the ſphere is projected 
upon a plane, and the meridians EP, RP are ſtraight 
lines parallel to each other; conſequently ? muſt be 
at an infinite diſtance from the equator £2, In this 
caſe, the arc n being the ſame at all latitudes, the 
length of a degree of longitude is every where the ſame; 
to preſerve therefore the proper proportion between 
the degrees of latitude and longitude, the degrees of 
latitude muſt increaſe as you go from the equator, ſo 
that they may always be to the degrees of longitude, 
in the proportion of radius to the cofine of latitude. 


rer. . 
In this projection, it is required to find the length of an arc 


of the meridian, correſponding to any given latitude. 


190. Let 
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190. Let P be the pole, E the equator, PC9 a 
diameter of the earth, C the center ; m any place on 
the ſurface ; draw mr perpendicular to P, and join 
m, m9. Put Cn=r, Em x, Cr (the fine of Em the 


latitude of n) = =; and the length of Em on the projection 
, called the meridional parts. Then OI Prop. 105. 


vV r:— 5 (col. My :: : = = but (Art. 
| 25 „ 

1 2 Ed. LATE. - 

eg hence 2 = ALS. X = po 


£ =2 x h. U +C (Art 45. Ex. 6.) r X h. l. 


= 
* l , by the nature of logarithms, But by plane 


IXI 
V 8 2. 
* ; 1255 the tangent of the angle rm 9 = cotan- 


trig. Lr. (mr : r+y (12) :: 7 (rad. ) : 


gent of An = cotan. of : rCm = cotan. à the com- 
A cotan. comp. lat. 
ry | TS 
Vor. II. 8 5061 conſequently 


plement of lat.; hence irs 
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tan. 4 comp. lat. 


conſequently * * X h. . 4 7 but 
when z = o, cotan. + comp. lat. = r z hence o=rXh.1. 
: +C=7Xh.1.1+C=0+C, . C=0; conſequently 


cotan.,zcomp.lat. | 
S r xh. I. 25 P = 7 x h.l.cotan. f comp. 


lat. -7Xh. 1.7, the length of the meridian E n in the 
projection. 


| Pave, CVIL - 
Let CAD be a plane figure, or a folid generated by 
it's revolution about it's axis, moving in a fluid in the 
direction of it's axis BA; to find the reſſtance of the 
curve line CAD, or of the ſurface fi the ſolid, to the refiſ- 
tance on the baſe CD. 


191. Draw F and wr parallel to AB, ret, 
9 Pq perpendicular to AB, then if AP , PQ=y, 
PA =, it appears from Art“ 23. and 27. that ulti- 
mately, by bringing 7 up to A, Bx, r, gr 
3. Draw the tangent 2G and let fall the perpen- 


dicular FG upon it, and alſo GH upon F Now let 
F 2 repreſent the force of one _ of the fluid, 
then 
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then if that particle ſtruck the baſe at v it's whole 
force would act to oppoſe the motion, becauſe it acts 
perpendicular to the baſe, and therefore no part of it's 
force is loſt ; but ſtriking the curve at Q obliquely, 
if the force F9 be reſolved into G and FG, then G 
is here ſuppoſed to be loſt by the obliquity of the 
ſtroke, and FG is the only effective part; but this 
not being oppoſite to the motion of the body, we 
muſt reſolve it into FH and HG, and then FHis that 
part which oppoſes the motion of the body, and HG 
is deſtroyed by an equal and oppoſite force of a par- 
ticle acting at J. Hence the force of a particle at v: 
force at A:: FA: FH :: : (becauſe FQ: FG :: FG: FH) 
FS: FO: (by ſim. trian.) 2* : y*. Now the quantity 

of fluid ſtriking Yr and vv is the ſame, and in propor- 
tion to gr ory. Hence if we conſider it as a plane figure, 
the force againſt vv: force againſt Qr :: % we (rang 


as the number of PRO x force of each) :: 5 K 2 
8 ; 
RY = - "MS 76 3 hence the whole dc on the 
* E X 
I + 7 


vel; that on the curve :: the fluent of V, or y,: fluent 


(F) of — 2 2 For a folid, the number of particles ſtrik- 


ing the area generated by vw will be as vw x circum. 
deſcribed by v, or as vw x y or as /; hence, for the ſame 
reaſon, the reſiſtance on the baſe : that on the ſurſace:: 


92 
TT. 


142 
* 


the flu. of 5), or 2%, : 25 {F) of 
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Ex. 1.1 AC, CD be ſtraight lines, the plane is a 


. . 
triangle, and . 5 25 x Wake Ab), 5 (BC), - — 7 
4 —; hence the reiſtances are as y flu. 2 | 2 F 155 


5 ST“: 55 : AC: 4 N VINNY is — 0 
1 ＋ 2 


for the cone, or for any primae folid. 


Ex. 2. Let CA D be a ſemicircle; ; put AB = =, ek 


RO 


EC OY WEE » 4 99 2 
rr *, hence e Jr. 2 and 
2 | g t 2 3 
32 13 7. F — 2 2 te oc r. N 
r F 7 * 
EY I+ — | 
oy | 


hence the reſiſtances are as y: y— = which, when 


daz: 2. 
Ex. 3. Let CAD be an benz be then F 
JJ „ . FSA 255 hence the 


124 of 8 . 
mY 


4 


reſiſtances are as 7 y* : z 993 which, when y r 
| ar . 


is as 2: 1. 


Ex. 4. Let the ſolid CAD be generated by the cycloid 
AC about AB, BC being the axis of the cycloid; 


then if a= BG, y=2z— 2 by the nature of the curve ; 


EI S322 1 * I 
: 2 a Pl Aa 


Y 


C1 
cl 
T 1 
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2 FIT | : e 2s <a fol mot FI 1 5 1 2 
Eb 2 =* I, and F. iy* z hence the reſiſt- 
* T 3.4." 155 is * £3 £445 #3 
ances are as 2 *: 2 CS „Which, when y=a, is as ; 
Conſidering the body as a ſolid, and the force of a 
particle on the baſe as conſtant, the force of a particle 
| * 


on the ſurface oc 7 and the area generated by rs. | 


| being as yY, the reſiſtance againſt AR FEE * 8 


151 © Prop. vm. FF 

If a perfect flexible chain ACB of uniform denf ity ana l 
magnitude be hung upon two pins at A end B; to fond the 
curve hats it N form itſelf into. ry | 


1 Pe Let C be the loweſt point, draw the axis CD per- 
pendicular to the horizon; draw alſo EF, Gn perpen- 
dicular to CD, Fn a tangent at F, and n perpendi- 


A a 
N | 
* | 
| | 
= 18 
\ 
cular to FE, Now aſſuming CF any part of the | 
| 


chain, we may conſider this part as if it were perfectly 
rigid; for conceive CF to become perfectly rigid, and 
it 
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it is manifeſt that no alteration whatever can take 
place; for the gravity of the chain gives CF a certain 
ſituation ; and if we make that part to become inflex- 
ible, we add no new force; we only ſuppoſe a cohe- 


rence to take place between the conſtituent particles 
whilſt they are ſo diſpoſed. Conſidering therefore CF 
as a perfectly inflexible body, it is kept at reſt by three 
forces; at C by the action of the part BC of the chain 
in the direction C2 of the tangent at C; at F by the 
action of the part FA of the chain in the direction Fn 
of the tangent at F; and by it's gravity in a direction 
parallel to EC; x but Cz is parallel to n, and CE to ; 
hence theſe three forces act parallel to the three ſides 
of the triangle Fmn, and conſequently will be reſpec- 
tively proportional to them, the body FC being at reſt. 
Put CE x, EF=y, CF=2, then (Art. 23. and 27.) 
mu x, Fm=y, Fi=z2, Now the chain being of 
uniform denſity and magnitude, the gravity of any 
part CF will be in proportion to it's length 2; alſo let 
a the tenfion of the chain BC at C acting in the di- 
rection Cz, a conſtant quantity, it not N 82 chang- 
ing the point F. Hence 4: 2: FJ „ aj; 


N 2 


but S KN = t , therefore 2*S *=2X* + 


a, conſequently x = by whole fluent (Art. 
39.) is x=Va*+2*+C; but when xo, then z o, 
hence the equation becomes o=a+C, . C=—a; 


* As, by Mechanics, theſe three forces muſt be directed to one 
point, if the two tangents F, z C be produced to meet, the inter- 
ſection muſt be in the line of direction paſſing through the center 
of gravity of F C. 
therefore 
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therefore the correct fluent is x=/a*+2* — a, and by 


tranſpoſing 4 and ſquaring both ſides, am alas 15 


the 3 of the curve. 


Pa os. CIX. 
| Given the radii BC, AC of a wheel and axis, ond 
the weight p which draws up w; to find w, ſo that the 
momentum communicated to it in a given time may be a 
maximum, the wheel and axis being ſuppoſed of no weight, 


193. Put BC =, AC=a; then, by Mechanics, the 
forces with which tv and ↄ endeavour to deſcend are ar 
and 5p; hence the moving force is as 5p— aw; allo 


5 


the inertia of each weight is (Art. 95.) as PXwand 
PX þ; hence the accelerative force of the lever is as 


e and as the acceleration of any point of a 
lever muſt (beides the accelerating force with which 
the lever itſelf is made to revolve) be in proportion 


to the diſtance of that point from the fulcrum, the 


accelerative force of the point A, or of w, will be 
as 


P A SAEED DER oo IE. or co... — 


1 — . — 


— 
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bp — a* 2 
Fee Ta » Which 1 is as * velocity 3 in win 
a given + wh 8 the momentum of 0 will be 
2 . ere, ee 3 
þ 22e = 
Fotos a maximum; hence (Art. 21.) it's fluxion 
bpw — 2aWwWX bp + 4 "W — 4 0 bpw— aw — or 
"+4 1 Ay EIN 0 
op: — 2 AW X Fiat 79 — a* X b aw *=g, hence 20 = 
220 b3 1 A wo, 25 8 77 / 
bo 48 WW = 2 1 X þ. 
PROP. cx. 


Given two weights w and p, and the radius CA of 
the axle, to find the radius CB of the wheel, ſo that p 
may draw up t through a given Jpace, in the leaſt time 


poſſible. 


194. When the ſpace 1s given, the time varies in- 
verſely as the ſquare root of the accelerative force; 
hence (by the laſt Art.) the ſquare of the time varies 

Bp 48 

a5 abp—=aw 


a maximum, where b 1s variable; put it's 


VEG pw 
2 


fluxion o, and we get 3 7 a 


If p=w, b=aXi+y/2. 


THE END OF VOL, 11, 


E ‚ ‚ L ES 


) 


Page 60, line laſt, for a 0 read 4 :: j. 
P. 153, I. 14, for , read 3 


T 
Prop, xc1v, for x Being equal to or leſs than unity, read, a being equal 
to +1 or —1, or between t em. 


To the enunciation of Prop. xc, add, x being the /ame as in the 
Jaft propoſition. i » 
11,1. 16, for 2 xy, read 243. 
95, 1.8. for RN, read LN. 
136, I. 4, for as ww read as ab. 
160, in Art. 110, Z is hyp. log. x. 
161, in Art 115, for Z read V. 
1. 17, for F read F. 


1. 18, for 24 read —— 


5 
180, l. 12, for = xz = x42 


183, 1. 14, fer for read from. 
18 5, 1, laſt but one, for æ read x. 


read 
os 1.2.3 


1091, 1. 2, for 545 12ad = 


100, I. laſt but one, for 2 


2 


Cee id * 


e 


** 


15 


